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4.3 New estimator for Poisson Offspring and Initial Distribution

with saturation

As previously described, the unbiased estimator in the case with an infinite number of
components is researched by Yanev. However, in the practical world, this case is unlikely.
The number of components in the network is limited, so saturation applies. Kevin Wierzbicki
showed [4] that in the case that saturation applies, the standard estimator of mean for the
Poisson offspring distribution is biased and shows a tendency to underestimate the true
value. In this thesis, I show the reason for underestimating and suggest the new unbiased
estimator.

The proof that the standard estimator Xn is asymptotically unbiased when there is no
saturation relies on the fact that F[Z; 1] = AE[Z;] [5]. When there is saturation, A asymp-
totically underestimates A because E[Z;;1] < AE[Z;]. The following shows the reason why

E[Zi41] < AE|Z)).

E[Ziy1] = E[E[Zin|Y:, Zi]

S—Y;—1
- ZiN)"
_ E{ 3o I
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So the standard estimator is biased. To compensate this biasness, I suggest the new

estimator. Before showing it, I define some more notions.

s(k,S) = max{n | V¥ < S and Z(k)1 >0}

(4.17)

k is the number of each sample and S is the size of saturation. s(k,S) means the number

of stage where it is not saturated and the previous stage is not zero. So failures didn’t die out

in the previous stage. It is either the number of stage just before saturation or the number

of stage where failures die out.

The new estimator I suggest is

S (Z{’“’ + 28 4+t Ziéii,s))
Zk 1 (Z(gk) + Zl(k) +ot Zi?lz,S—l)ﬂ)
i (m ) -7 >)

Zk Y, k S—1)—

>
I

4.4 Unbiasness of XS

(4.18)

(4.19)

(4.20)

We continue to assume that the branching process has Poisson initial failures with mean 6

and a Poisson offspring distribution with mean A.

To show that A, is asymptotically unbiased, rewrite (4.20) as

S— k k
S _ i iy ANV < 8]
% Do iy 201 < 5 -1

Let
w = ZW 1y < 8- zP 1y < s -1

7
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It is sometimes convenient to omit the superscript and to write w; for wi(k). Then

1 K $—3 (kz)
)\s -\ = K Zkzl Zz:() w; (421)

1 K (k)
K Zk:l Y;(k,Sfl)fl

As each k, Y;((]Z) S-1)-1 is bounded by S and has finite mean and variance. Moreover,
)/5((?73_1)_1, k = 1,2,..., K are independent and the strong law of large numbers implies

that the denominator of (4.21) tends almost surely to a constant.
Therefore to prove that E (/):S — A) — 0 almost surely and /):8 is asymptotically unbiased,

it is sufficient to show that Ewgk) =0fort=0,1,2,....,.9 —3. And Ew§k) = 0 follows from

BE[Zi11[Yi < S]]

= BE[E[Zi1 [ Zi < S = Yi||Vi, Zi]]
5-Y;—1

:E[ Z m—<Zi)\)me’Zi)‘}

= AB[Z[Yiy1 < S —1]].

So the new estimator is unbiased and asymptotically unbiased.
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Chapter 5

Analysis of theoretical bounds of variance of the new

estimator

5.1 Convergence of variance of );

We derive the asymptotic variance of Xs in the subcritical case of A < 1 and when saturation
is neglected by letting S — oo. When A < 1, the branching process dies out with Zi(k) — 0 as

)

1 — 00 almost surely and V% = v as n — oo almost surely. Hence, the Harris estimator

An — A @S N — 00, wWhere

K
k
> (v k)

N k=1

A K
L
k=1

Moreover, for A < 1, our estimator s — Ao as S — oo. From (4.16), the variance of Ao as

o

K — ocois
A1 =M1 =)

>)

a?(

(5.1)

Thus (5.1) gives the asymptotic variance of XS as K — oo and S — oo for A < 1. For
example, for # = 1, the maximum asymptotic variance occurs for A = 0.5 and the asymptotic
standard deviation from (5.1) becomes o(As) = 0.40/vK.

5.2 Bounds of variance of ),

We showed the convergence of variance. In this chapter, we investigate the variance deeper.
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We have
R ElY, 1 K S-3
\/?<)\S ) = L (k,S=1)-1] Z w® (5.2)
1 (k) \/?E[Y (k,5-1) ] k=1 i=0
K Z Ys(k S5—1)—1
k=1
Then (5.2) and the CLT imply that
As — N (), A% (5.3)
in probability as K — oo, where
) S-3 2
A = E w; 5.4
K(EVas-1))? (Z; ) 54)

Now we analyze the bound of this A2

S-3
A? = Elw 5.5
K(E[Y<ks 1-1)) QZZ >
EZ2\I[Yi = S — 1]]
< E[(Zig1 — M2+ (S —i—1)*PYiy = S — 1]
= 00°\N + (S —i—1)2P[Yi; =8 —1] (5.6)

We need to know the minimum of (E[Yy,s-1)-1])? and the maximum of ZS ’ E[w?] to
get bound of variance. If the distribution is known and can be calculated, we can estimate
the bound of the variance from (5.6). We expand the analysis of (5.6) for the case that the

initial distribution is a Poisson distribution.
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1) 37 Blwf]

S-3 S-3
Ew]] < Y 00°X +(S—i—1)*P[Yi =5 —1] (5.7)
=0 =0
o 9
< T3 H(S-1B(S-1,6,15) (5.8)

—rA—0

Blr,0,\n) = 0(r\+6) 15 -

e—r)\—G
< O(ra+0)! -
V2mrrre " T
0 6(17)\)7“79

< OO it o)

0 e
— 9)\(17)\)r1+_r—
(e )\7’) V27 (rA + 6)

o0(1/A=1)

V21r(rA + 6)

< GAeIVY

So (S — 1)2B(S — 1,0, \,S) is proportional to v/S — 1(Ae!™*)571. Since Ae!™ < 1 for
A < 1, this is a decreasing function of S — 1 for large enough S. It is directly calculated
that (S —1)2B(S — 1,6, A, S) is lesser than 0.005 for S > 100, A < 0.65 which is neglectable
compared to %. Actually, the above bound is larger than the true value we got from direct
computer calculations and would be able to be smaller values. However still it suggests that
(S —1)2B(S — 1,6, A\, S) rapidly becomes small compared to % when A is small.

As o is the variance of Poisson offspring distribution, by neglecting the second term in
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(5.8),
0'2 = E[(Zl — )\Z0)2|ZO = 1]
= E[Z}] — 2\E[Z)] + A\
= Var[Zi] + E[Z;]* — 2)* + \?
= A
So
S-3
Oo?
Elwf] <
p 1— A
2
I D
1
2) (BlYs(k,5-1)-1))?
S—-2
E[Yyks-n-1] > Y rB(r6,)5)

8

= E[r|S =o00] = > rB(r,0,),5)

S—1

> ——9\/ — 1(Ae7M)S-

1—)

O(1/A=1)

\/%((S— DA+ 6)

The second term is also a decreasing function of S after some large S. So we can approximate

E[A,] by £ in that case. /S — 1(/\6(17/\))571% shows smaller value than 0.0005

eO(1/A—1)

for S > 200, A < 0.65. In this case, we can neglect /S — 1()\6(1_>‘))S_1m.

With this approximation

AL =)

2 _
A= Ko
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As the maximum of A\(1 — A) is 0.25, maximum of standard deviation of estimator A is
approximated to the value \})T?—e. This shows a clearly similar result to that of Wierzbicki’s
empirical result of 3—% [4].

3)When § is small, A is large. In this case, the above approximation is not good. We
should use the direct calculation of sum of rg(r, 0, A, S) for the lower bound of E[Ys(k,S—l)—l]'
Also we should calculate the value of (S —1)2g(S—1,0, )\, S) directly to get the upper bound

of 25;03 E[w?]. Further research may suggest a better bound for this case.
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Chapter 6

Performance results of the new estimator

To augment these asymptotic results, the estimator XS is tested on the saturating branching
process with # = 1 and 0 < A < 2. The worst case bias and standard deviation of /):S are
determined numerically from 1000 cascades with nonzero failures and the results are shown
in Table 6.1. The asymptotic variance (5.1) and Table 6.1 can be used to estimate the

number of cascades K needed to obtain a given standard deviation in /)\\S.

Table 6.1: Bias and standard deviation of XS on saturating branching process with § = 1

number of runs saturation bizls standard deviatig)n
" R e LS %70
10 20 0.035 0.28 = 0.87/VK
20 20 0.018 0.18 = 0.80/VK
50 20 0.008 0.11 = 0.78/VK
200 20 0.004 0.055 = 0.77/VK
10 100 0.050 0.16 = 0.57/VK
20 100 0.027 0.092 = 0.41/VK
50 100 0.010 0.057 = 0.40/VK
200 100 0.003 0.029 = 0.41/VK

As S increases, the empirical variance shows clear coincidence with the suggested ap-

proximated bound of 3—%. Though this is not a rigorous proof, it supports the previous

theoretical analysis.
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Chapter 7

Conclusion and Future Work

In this thesis, the approximation of a loading dependent model of cascading failures by a
branching process model is analyzed. Bounds on the region of good approximation are given.
We have provided numerical evidence of the actual approximation of the two models, too.
The actual approximation supports the theoretical analysis and can be used to determine the
maximum number of failed components for which the approximation is good. Except for the

cases of extreme values of the parameters A\, 6, the ratio of the probability of r components

NGY
11—\

failed is less than two and greater than one half until r exceeds , Where n is the number
of components.

Each of the two models has its own intuition and logic that explain the cascading failure
of the network. One can not easily determine which model is absolutely better in real world
cases. So the good approximation between the two models lessens the burden of choosing
one model.

The thesis also does more detailed research regarding the estimator of offspring distribu-
tion in the Poisson branching process model. A new and improved unbiased estimator can
be used to get the better estimates of the cascade propagation parameter A when applying
the branching process model to real data.

The improved estimator for A can be used in several ways. By using the estimate of
A to get the probability distributions of blackout sizes, the evaluation of risk in a given
system model becomes possible. The system designer will be able to anticipate the risk of
the system from past data and the insurance could be made on the basis of these results,

once the models become further established.

The remaining problem of estimation is the bounds on the variance of estimate of .
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Though the asymptotic convergence of variance is proved, the actual variance in the case of
a practical number of components is not perfectly optimized. The current analysis is good
for some limited cases but the other cases are left for the future work.

The properties that are dealt in this thesis are a step beyond previous researches. They
enable the engineer to better understand the cascading failure phenomena of the blackout
and will help to establish several tools to analyze them. Also they can be used in other
fields that encounters similar cascading phenomena. The thesis deepens the understanding

of cascading blackout of power systems and enables more accurate and efficient analysis.
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