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Abstract

Large blackouts can cause considerable damage. For example, in August 2003, the black-
out in Northeastern America and Eastern Canada deprived about 50 million people of elec-
tricity and cost over 6 billion dollars. However, most large blackouts are not caused by a
single big failure. Usually a small failure that does not die out but propagates in the network
in a cascade of failures causes a large blackout. So it is useful to establish and investigate
models that can explain this phenomenon. The blackout is a complex phenomenon and
in a very large network, the modeling of the blackout is not a simple problem. So there
exist many various models. We focus on two high-level abstract models, a cascading model
and a branching process model. We show quantitatively how the cascading model can be
well approximated by the branching process model in many cases. We show aspects of the
statistical estimation of parameters of the branching process model from simulated data.
In particular, we find an unbiased estimator of the offspring mean and average propagation
since the standard estimator is biased when there is a saturation effect. The performance
of the estimator is verified by using the estimated parameters to predict the distribution of
the number of failures in simulated cascades. These results increase the understanding and

application of branching process models to cascading failures.

vi



Chapter 1

Introduction

There are many components of various types in the power network such as generators,
transmission lines, loads, transformers and protection and control devices. A failure in the
power system means an interruption of the intended operation of a component in the system.
It can be a shut down of a generator, breakdown of a fuse, a shorted line, or any abnormal
condition of the component that does not provide the right service as it is designed.

A cascading failure is a sequence of dependent failure of some components that weakens
a system and incurs recursively additional failures of the remaining components. Ultimately
a large portion of the power network can suffer blackout from the failures. Our interest is in
the cases in which the cascading failure grows into a large scale blackout.

Recent research shows that North American blackouts that are reportable to NERC
happen at an average rate of one every 13 days. Moreover the probability of a large blackout
is relatively high [1]. Considering the cost of blackouts, this is a problem.

Regarding this problem, Dobson, et al. [2], [3] show two high level mathematical models
of cascading failures, the loading dependent cascading model, CASCADE and the branching
process model to analyze the blackout. These models capture the probabilistic aspects of
blackouts and give a tool to calculate the probability of large size blackouts. Our research
is focused on these two models, the loading dependent cascading model and the branching
process model.

Initial work shows that the CASCADE model can capture some aspects of blackout [2].
Also the paper [3] shows that the CASCADE model can be approximated by a branch-
ing process in the case of a very large number of components by treating saturations to

limits. However, the results of [3] are qualitative and do not quantify the closeness of the



approximation or deal with saturation effects.

In this thesis, we focus on accurately quantifying the approximation of two models in the
cases that there exist limited number of components and the saturation effect. The thesis
expands the previous research to understand the high-level mathematical model of blackouts.

So with better knowledge of the relation of the two models, one can apply the result
from one model to another with more ease. By contributing to better understanding of the
two models, this thesis provides improved methods to analyze the blackout data, predict the
probability of the large blackouts and hence calculate the expectation of loss and risk.

Fitting and analyzing the output data of simulations with the mathematical model is also
useful. We find the estimators of parameters. Regarding the branching process model, when
the process is governed by the Poisson distribution, we know there is a standard estimator
of A\ which is effective in the case of infinite components. However, when there are limited
components the standard estimator is biased [4]. We suggest a new unbiased estimator
for this case. We prove its unbiasedness and compare the performance of new estimator
on various cases of the branching Poisson process to that of standard estimator which is
unbiased in the infinite component case [5]. A simple simulation of the branching process
model is used for this purpose. Also the bounds on the variance of the estimator will be

discussed though not perfectly calculated.

1.1 Literature Review

This section consists of two parts. The first part is about the literature about the CAS-
CADE model and the branching process model. Also it reviews the previous research of
the approximation of probability models. The second part reviews the research related to
estimation in the branching process model.

While the mathematical modeling of blackouts gives the intuition of theoretical concepts



of cascading of a failure, there is another approach to understand blackouts using simulations.
These simulations are not same as the real world but they are much more complex than our
high-level models and model the components and physics of the system. The simulations
are the bridges that connect the mathematical model and the real world. Dobson, et al. [6]
used a program named as OPA to apply and verify the CASCADE model to the behavior
of simulated blackouts. Their OPA assumes the DC load flow and initial failure by random
line outages and load variations. And the model simulates the redistribution of overload
lines and cascading failures from it. Though their OPA do not reflect operational constraint
or other aspects of blackouts, it still represents the probabilistic line outages and overloads.
This research shows the CASCADE model is coincident to the results of OPA simulations as
the probability distribution of blackout size of model is well fit to the result of simulations.
Chen, et al. [7] suggested a hidden failure model that deals with protection systems which
will not operate properly in case of needs but is not known its defectiveness until then and
showed it roughly follows the NERC data and WSCC system. Nedic , et al. [8] showed the
result of the Manchester model simulation that indicates the critical loading at which the
mean blackout size increases rapidly and a power law in probability distribution of blackout
size. There are other approaches using simulation models to reproduce observed blackouts.
Hardiman, et al [9] give the industry grade simulation TRELSS of cascading failure that
accounts for several blackout mechanisms. Kosterev, et al. [10] figure out the August 10
1996 WSCC blackout with the EPRI ETMSP program. Chen, et al. [11] shows EAC model
fits well to the data of North America. Also there are reports that directly investigate the

process of blackouts [12], [13].



1.1.1 Probability models with cascading phenomenon

Cascading is not a phenomenon restricted to the power network. Similar propagation in
networks can be seen in several fields. Epidemics are a famous case and mathematical
modeling of epidemics are much researched [14], [15]. However the epidemic model is different
from cascading failure in the power network since epidemic models assume the dying out
or recovery of components during the cascading process while the initial blackout models
assume there is no recovery in the short time of a failure propagating in the power network.

The Reed-Frost epidemic process is one of the epidemic models which is similar but
not the same as the load dependent cascading model. It assumes that the infection of a
component from infected components is governed by a probability. Also it assumes that
the infected components can have only one chance of infecting another component. This
is different since in the load depending cascading model the failed component gives some
load to all other components with probability 1. Barbour and Utev showed the Reed-Frost
model is approximated by a branching process in relative closeness in the case of infinite
components [16]. Relative closeness means that if the logarithm of the ratio of two functions
is within € except for a certain range 7, it is in relative closeness with parameters of €, 7.

The approximation of the loading dependent cascading model and the branching process
model in the power network is also researched as previously described [2], [3]. They showed
the approximation is good with an infinite number of components.

This thesis expands these researches. We deal not only with an infinite number of com-

ponents but also the finite number of components found in the real power network.

1.1.2 Estimation in branching processes

The estimation of offspring distribution in branching processes is a problem even if we have

data. It is known that the use of standard estimator in the finite components case produces



a bias in the presence of saturation even if the data is generated exactly by the Poisson
branching process model [4].

Also the estimation of offspring distributions for a branching process with the real world
data is done in several researches [17], [18]. They show the fair description of real world
data. Though not directly related to our thesis, there is a research using different models to
describe the real world data of blackouts [19].

This thesis is a step to provide a better estimator to the branching process model to

enhance these efforts to analyze the blackouts.

1.2 Mathematical definition of the two models

Before providing the proof of approximation of two models, we summarize each model in a

detail.

1.2.1 Loading dependent cascade model

In the CASCADE model [20] with n components, we assume the load of each component is
loaded as Lj,j = 1,2,...,n between Lyipn, Limq, in the uniform distribution. This is a virtual
load concept that roughly summarizes all the factor which affects the loading and failure of
the component. When the load is over L4, it is assumed to fail. The load L,,;, does not
necessarily mean zero load in the component. Rather, it means the minimum operating load
for the network components.

When there happens some initial disturbances in the network such as the operating errors,
the breakdown of some components, the tripping of a line, etc., the model assumes that the
initial disturbance load D is added to all the components. If this D makes some components
fail then each fail adds additional load P to all the other components. Again, if these P make

the remained components fail, then P is added to all the other components. This process



goes on until either all components fail or no more component fails. This is the CASCADE

model.
We can normalize the CASCADE model by
L;— Lmin P o D + Lmax - Lfail

A E—L L = -  d
! Lmaaz - Lmin’ P Lmaac - Lmin’ Lmaa: - Lmin

This changes the load to be distributed between [0, 1]. Then the probability distribution of

the number of failed components r for given n,d,p is

n!

Clrdipn) = o sdlp+dy (L =rp—d)™

(rp < (1—d),r <n) (1.1)
C(n,d,p,n) = 1— HZIC(r, d,p,n) (1.2)
C(r.d,p,n) = 0 (olioerwise) (1.3)

1.2.2 Branching process model with the saturation

The branching process [3] produces failures in stages starting from some initial failures. In the
branching process model with n components, we assume the initial failure of components are
generated by some probability distribution called the initial distribution. Then these initially
failed components generate the new failed components according to another probability
distribution called the offspring distribution. The offspring distribution is the number of
failures in the next stage assuming one failure in the previous stage. If there are several
failures in a stage they each independently produce failures in the next stage according to
the offspring distribution. The generated failures generate new failures until all components
fail or the propagation of failures stops.

Suppose that the distribution of an initial failure is the Poisson distribution with a



parameter 6 and the offspring distribution is a Poisson process with a parameter A, so

Qk
Piitial [K] = Ee_e
)\k Y

P pspring (k] = e

Then the distribution of the total number of failures r for given n, A, 8 is

677‘/\79
B(r,0,\,n) = 0(rA+0)""! (r<n)

rl

n—1 .
B(n,0,\,n) = 1—23(7“,0,)\,71)
r=0



Chapter 2
Analytic approximation of CASCADE model by the

branching process model

2.1 Quantifying closeness of models

When the loading dependent cascading model, CASCADE, is given with its parameters,
d,p,n, we define the corresponding branching process model as the branching process model
with parameters the same n and § = nd,\ = np. Also for a branching model that has
parameters 6, A\, n, the corresponding CASCADE model has parameters d = %, p= % For
these corresponding models, there are two kinds of approximation.

For r < n,

R(-00m) = - (f (g/z i’/?n) 2.1)
_ (:7, - T)!n”e_’"\__e (2.2)
nl(n —rA—6)nr
A(r,0,\,n) = |B(r,0,\,n) —C(r,0/n,\/n,n)| (2.3)

R(r,0,\,n), the rational approximation, is the ratio of the probability distributions of to-
tal failures by the two models. A(r,0, A\, n), the absolute approximation, is the absolute
difference of them.

For the rational approximation, we have the following results.



Lemma 1 For some integer a such that 0 <r <a<n,0< A <1, and 0 < U= ’\)a,
1—-X)—06)?
R(r,0,\,n) < exp ((a( ) =9) > (2.4)
n—a
Lemma 2 For some integer a such that 0 <r <a < 3 A>T, and 0 < 5
1—X)—0)?
R(r,0,\,n) < exp ((a( ) —0) > (2.5)
n—a
Lemma 3 For some integer a such that 0 <r <a, andn — A a—0 >0 ,
R(r0.\n) > /1- 2 (2.6)
n

From lemmas 1 and 2, the rational approximation of two models is less than 2 where r

0.7(v/n—0)

is less than Y

. From lemma 3, the rational approximation of two models is greater

than 1 when r is less than 2%. Together, we get the conclusion r should be lesser than

4
o7f 0)

=Y is smaller

min{ — "

o 3n1 to get the approximation between l and 2. Usually 0. 7yn |1 /\I
than . This explains why the table of exact ratios in next chapter appears to be governed
by this bound.

We have shown the two models exhibit a good rational approximation when 7 is small
enough in lemma 1,2. This is not enough to make the approximation of two models close
in practice since too large an absolute error will reduce the closeness of the approximation

even if the ratio is good. So we investigate the absolute approximation in addition to the

rational one.

Lemma 4 For some integer a such that 0 <r < a and

(a) If0 < A < 1,thena <n and&ﬁ@

() FA> 1, then a < 20 and 6 < 2
3
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(c) 0 <n—Xa
then
|B(r,0, \,n) — C(r,0,\,n)| Smax{exp(%) -1,1—-/1-2}

The absolute approximation is bounded for large n and small r .

2.2 Proofs for the results

The following section proves lemmas that were stated in previous sections. In addition to

the proofs, we will explain the meaning and usage of the lemmas in more detail.

2.2.1 Proof of Lemma 1

For convenience, we state the lemma again.

Lemma 1

For some integer a such that 0 <r <a<n,0< A <1,0< @,

R(r,0,\,n) < exp ((a(l ) 9)2) (2.7)

n—a

Proof:
First consider the case r = 0.

Define f(z) = In(1 —z) + 2+ 2%, f(0) =0,f'(z) = —7=+1+22 >0, for 0 < z < 3.
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Therefore f(z) >0 and z + 2% > —In(1 — z) for 0 < 2 < 3. Hence

InR(r,0,\,n) = —G—nln(l—g)
n
6 0
< —(9—0—71(54-?)
6)2
< JE—
n
) 92
)
n—a

Now consider the case r > 1, we use the Stirling approximation inequality [21],
V2nmne " < nl < 2nante " e (2.8)
then by substituting for n! and (n — r)! in (2.2) we get
R(r,0,\,n) < Ryax(r,0,\,n)

where

2(n —r)m(n— r)”’re_"+r+m
\/%n”eﬂwﬁ
n"(n— Ar — ) "e N
(n—r)(n— r)"”‘e”m

\/ﬁewlﬂ

X (n—Ar—@) e M0

Rmax(r7 87 /\7 n) =

X

As r > 1, n > 2. This implies

1 1
T’—i-ﬁ T T‘i‘ﬁ

< —_ J— B
12(n—r)(n+ %) o 12n(n —r)

0.5In(1 — =) + <0
n
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So
I Ry (r-6.0m) = 05I(1— "4 TFTB
I pax\T, U, A, T = . -
n o 12(n—r)(n+ 15)
1-— —0
+ (1—/\)r—0—(n—r)ln(l+¢)
n—r
1-— —0
< (1—/\)r—0—(n—r)ln(1+¢)
n—r
Define the function fo(z) =In(1+2z) —z + %2
fz(o) =0
1
/
- 1
fo(x) T +x>0 for >0
Hence In(1 +z) > x — %2 for x > 0 and
(1 =Nr—0)?
| 2.9
D Rmax - < 2(n —) (2.9)
1—-))—0)?
< =N =96) (2.10)
n—a
2.2.2 Proof of Lemma 2
Lemma 2
For some integer a such that 0 <r <a < %/\710)\ > 1,0 <3,
3
1—-))—0)>
R(r,0,\,n) < exp ((a( ) ) > (2.11)
n—a

Proof:

Consider the case r = 0,20 < n.
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Using the fact that z + 2% > —In(1 — x) and a(1 — \) — 0 < —0 < 0, we get

InR(r,0,\,n) = —G—nln(l—g)
n
6)2
< JE—
n
1—)\) —0)?
)
n—a

Now consider the case r > 1.

InR(r,0,\,n) < InRuyax(r,0,\,n)
(I=XNr—=0

< (I=XNr—0—(n—r)n(l+ p—

)

Define the function g(z) = In(1 + z) — = + 2.

9(0) = 0
Jg(x) = ! —1+2z
1+
(224 1)
14w

Since ¢'(z) >0 (=2 <2< —3),¢'(x) <0 (=3 <2<0),9(0) =0 g(—32) >0, g(x) > 0 for

2 2n “MNa—
_§<x<0. Wenotethatas)\>1,iff <33T <nand (1-AN)r—60<0. Let a = (1=Na—0
3 3

n—a

As1<r< a,(l_n’\)“_e < UNazf o (=Ar=b g, —% <a<z<0.

—a - n—r - n—r

Also0<n—a<n—r,(1=XNa—60<(1—-XNr—0<0. So we get

(1= N — )7
(n—r)?
((1=XNa—90)

n—a

InRpax < (n—7)

IN
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2.2.3 Proof of Lemma 3

Lemma 3

For some integer a such that »r < an — Aa—60 > 0,

a

R(r,0,\,n) > /1 — (2.12)
n

Proof: Consider the case r = 0.

0
InR(r,0,\,n) = —0—nln(l—-)

> 0501 — %)

S

Now consider the case 1 < r < a.

By using the Stirling’s approximation (2.8), we get

2n — _ p\n—rT —'fl+7“+m B e
InR(r,0,\,n) > ln{ (n—r)m(n —r)" e exreu}

V2nmnre "t 2w (1 — Actlyn
r 1 1
— 05MIn(1—~ _
05 =)+ =971 120
1—XNr—46
+((1—)\)7’—9)—(n—r)1n(1+(¢>
n—r

Define the function h(x) = In(1 + z) — x.

h(0) = 0

h'(z) = -1

1+
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For x > 0 i(z) < 0 and —1 < < 0 A/(z) > 0. Therefore h(z) < 0 for —1 < z. Let

x:(l_n’\#. Then, since (1 —AN)a—60 > —n+a, z > —1.
(1=XNr—=0

n—r

(1=XNr—0)—(n—r)In(1 + ) > 0.

So

a 1 1
In R(r, 6, \ 5ln(1— 2 -
nR(r.0,An) > 051 =20+ 5o =57 ~ 1o,

a
> 0.5In(1 ——
n(1 - 2)

2.2.4 Proof of Lemma 4

Proof:

As the probability of an event never exceeds 1, let think of two number 0 < a < 1,0 <

b<1.

—bl = 1- 2

o=t = Ja(1-2)

< -
a

< max{|l — min{g}|,]max{g} -1/}

Now substitute C(r,0,A\,7) and B(r,0,\,r) for a and b respectively. Note that from

conditions of lemma 4, C'(r,0, A\,r) # 0. With lemma 1,2,3, we get the result.
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Chapter 3

Practical approximation of two model

We proved that the branching process model is approximated to the CASCADE model well
within certain bounds in the previous chapter. In this chapter, we evaluate the approximation
of two models numerically. While the theoretical analysis gives the intuition for the reason
of good approximation, the bounds suggested by it are actually a little looser than the true
bounds. So we calculate the numerical approximation of two models for various cases and
verify the previous proof. Also by analyzing this numerical data, we will give approximations

of the true bounds.

09F

IR

0 200 400 600 00 1000

Figure 3.1: Typical ratio R(r,0,\,n) when n = 1000,6 = 1, A = 0.98

Figure 3.1 shows one typical case of the rational approximation. We note that the
theoretical upper bound on r on R(r,0,\,n) proved in the Lemma 1,2 is much lower than
the actual upper bound on r. Practically the approximation is lesser than 2 and greater
than half until much larger r than the number that the lemma 1,2 guarantee.

We calculated the ratio of two model when # = 0.5,1,2, A = 0.2,0.4,0.6,...,1.8n =

100, 1000, 10000. br means the minimum r such that the R(r, 8, A\, n) goes greater than two



or less than half.
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Table 3.1: The value of r where the approximation of the branching process model and the
CASCADE model goes greater than two or less than half

n 0 A br n 0 A br n 0 A br
100 0.5 0.2 16 100 05 04 21 100 05 06 31
100 0.5 0.8 56 100 05 1.0 76 100 0.5 1.2 47
100 05 14 26 100 05 16 18 100 05 1.8 14
100 1 02 17 100 1 04 22 100 1 06 32
100 1 0.8 58 100 1 1 77 100 1 1.2 45
100 1 14 25 100 1 16 17 100 1 18 13
100 2 02 18 100 2 04 24 100 2 06 34
100 2 08 62 100 2 1 80 100 2 12 41
100 2 14 22 100 1 16 15 100 2 1.8 12
1000 0.5 0.2 48 1000 0.5 0.4 64 1000 0.5 0.6 95
1000 0.5 0.8 18 1000 0.5 1.0 751 1000 0.5 1.2 176
1000 0.5 1.4 90 1000 0.5 1.6 60 1000 0.5 1.8 46
1000 1 0.2 49 1000 1 04 o4 1000 1 06 96
1000 1 0.8 188 1000 1 1 752 1000 1 12 173
1000 1 14 8 1000 1 1.6 60 1000 1 1.8 45
1000 2 0.2 50 1000 2 04 66 1000 2 0.6 98
1000 2 0.8 193 1000 2 1 755 1000 2 1.2 169
1000 2 14 8 1000 1 1.6 58 1000 2 1.8 44
10000 0.5 0.2 149 10000 0.5 0.4 198 10000 0.5 0.6 296
10000 0.5 0.8 589 10000 0.5 1.0 7501 10000 0.5 1.2 579
10000 0.5 1.4 291 10000 0.5 1.6 195 10000 0.5 1.8 148
10000 1 0.2 149 10000 1 04 199 10000 1 0.6 297
10000 1 0.8 591 10000 1 1 7502 10000 1 1.2 577
10000 1 1.4 290 10000 1 1.6 194 10000 1 1.8 146
10000 2 0.2 150 10000 2 0.4 200 10000 2 0.6 300
10000 2 0.8 596 10000 2 1 7505 10000 2 1.2 572
10000 2 1.4 287 10000 1 1.6 192 10000 2 1.8 144

Though I defined that br is the point at which the ratio is either two or half, except the

case that A = 1, the ratio goes greater than two at br and not less than half.

As indicated in the graph, the branching process model exhibits smaller probability

at small r than the CASCADE model does. And for r greater than the certain number

which is different in every case but approximately

V/n+6
[T=A]

in most cases, the ratio of branching
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process model to CASCADE becomes larger than 1 and increases rapidly above that number.
However for these large r, both probabilities of CASCADE and the branching process model

are very small.
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Chapter 4

An improved estimator of branching process

4.1 The previous estimator and definitions related to the branch-

ing process

When the data set is given, the method of fitting it to the branching process model is a
problem. The method to fit a blackout and line failures to the branching process model
was already dealt in statistical estimation of cascading blackout size and propagation with
branching process by Kevin R. Wierzbicki [4]. He provided the standard estimator of A, 6.
However, the estimator in that article is biased. In this thesis, I suggest a new estimator
that is unbiased.

Before explaining the new estimator, I will describe the branching process and define a
few notations that will be used to express it. In a branching process, there are initial failures
at the first stage. They can have general initial distribution Z; of finite mean and variance.
[ define Ay = E[Z;].

Each failure of the initial failures generates offspring failures in the second stage inde-
pendently. These failures generate failures in the next stage again independently until all
die out or saturation occurs. The estimator is a function to get the mean of this offspring
distribution. I assume that the offspring distribution does not change during the stages. I
name this offspring function Z and A = E[Z]. The function can be a general function, too.

With these notations, I will define the new estimator and show how it works. I define the
number of failures of each stage as Zy, Z1, Zs.... The subscript of Z is the stage number. As

there can be several failure samples, we indicate the sample number k by a superscript (k).
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4.2 Yanev’s variance estimation for fixed number of stage and its

improvement

Before explaining the new estimator, I review a previous work related to this problem.
Yanev [5] gives a proof for the number of stages ¢ and the number of samples K both
tending to infinity. Here we sketch his proof that is adapted and reduced to the case such
that K tends to infinity and there are a fixed number of stages t. The estimator for a fixed
number of stages t is

S (20 4+ 280+ 1 2)

t T K () K (k) (4.)
i (20 + 20+ 2

~

Yanev assumes a case such that initial failure distribution is Z; = 1 constant. So in his
paper there is no general initial distribution of failures. We modify his work to reflect the

case such that initial failure distribution function is general.

Let
w =z —z® (4.2)
VarfwP|Z, = 1] = Var|Z] = o° (4.3)

It is sometimes convenient to drop the superscript (k). And as A = E[Z], and by definition
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of offspring distribution,

Ew; = E[|Ew|Z] =0 (4.4)
EBw? = E[E[w?|Z]] = El0*Z;] = 0* X\ (4.5)
Eww; = ElE[(Ziq1 — M) (Zj1 — AZ;)|Z5]]
= El(Zir — AZi) Zj]
= ElE[(Zis1 — M) Zi1| Ziy Zjii])

= 0  where¢ > j. (4.6)

It follows that

=0
and
t—1 2
E (Z wl> =0 )\0At_1 (4 8)
1=0
where
A =1+ X+ + N1 (4.9)
Now let
v =z® 4 z0 4 4z (4.10)
Then
1 K 1}1 (k:)
o - AEL T o
X > k1 Yo
Since

K

1

= S v = BYi = MM (4.12)
k=1
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a.s. as K — oo, we have from (4.4) that E(/)\\t—)\) — 0as K — 0o so that )\, is asymptotically
unbiased.

Moreover,

(4.13)
and then (4.12),(4.8) and the CLT imply that
VKA AN ~
VAL — A) — N(0, 1) (4.14)
o
in probability as K — oo. Equivalently,
A N, ——— 4.1
t ( ’K>\0At_1) ( 5)

in probability as K — oo.

4.2.1 Poisson Offspring Distribution

When the offspring distribution is a Poisson distribution, 02 = A. And (4.15) becomes

~ A

— N\, =——— 4.1
%= VO ) (416)

in probability as K — oo.
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4.3 New estimator for Poisson Offspring and Initial Distribution

with saturation

As previously described, the unbiased estimator in the case with an infinite number of
components is researched by Yanev. However, in the practical world, this case is unlikely.
The number of components in the network is limited, so saturation applies. Kevin Wierzbicki
showed [4] that in the case that saturation applies, the standard estimator of mean for the
Poisson offspring distribution is biased and shows a tendency to underestimate the true
value. In this thesis, I show the reason for underestimating and suggest the new unbiased
estimator.

The proof that the standard estimator Xn is asymptotically unbiased when there is no
saturation relies on the fact that F[Z; 1] = AE[Z;] [5]. When there is saturation, A asymp-
totically underestimates A because E[Z;;1] < AE[Z;]. The following shows the reason why

E[Zi41] < AE|Z)).

E[Ziy1] = E[E[Zin|Y:, Zi]

S—Y;—1
- ZiN)"
_ E{ 3o I




24

So the standard estimator is biased. To compensate this biasness, I suggest the new

estimator. Before showing it, I define some more notions.

s(k,S) = max{n | V¥ < S and Z(k)1 >0}

(4.17)

k is the number of each sample and S is the size of saturation. s(k,S) means the number

of stage where it is not saturated and the previous stage is not zero. So failures didn’t die out

in the previous stage. It is either the number of stage just before saturation or the number

of stage where failures die out.

The new estimator I suggest is

S (Z{’“’ + 28 4+t Ziéii,s))
Zk 1 (Z(gk) + Zl(k) +ot Zi?lz,S—l)ﬂ)
i (m ) -7 >)

Zk Y, k S—1)—

>
I

4.4 Unbiasness of XS

(4.18)

(4.19)

(4.20)

We continue to assume that the branching process has Poisson initial failures with mean 6

and a Poisson offspring distribution with mean A.

To show that A, is asymptotically unbiased, rewrite (4.20) as

S— k k
S _ i iy ANV < 8]
% Do iy 201 < 5 -1

Let
w = ZW 1y < 8- zP 1y < s -1

7
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It is sometimes convenient to omit the superscript and to write w; for wi(k). Then

1 K $—3 (kz)
)\s -\ = K Zkzl Zz:() w; (421)

1 K (k)
K Zk:l Y;(k,Sfl)fl

As each k, Y;((]Z) S-1)-1 is bounded by S and has finite mean and variance. Moreover,
)/5((?73_1)_1, k = 1,2,..., K are independent and the strong law of large numbers implies

that the denominator of (4.21) tends almost surely to a constant.
Therefore to prove that E (/):S — A) — 0 almost surely and /):8 is asymptotically unbiased,

it is sufficient to show that Ewgk) =0fort=0,1,2,....,.9 —3. And Ew§k) = 0 follows from

BE[Zi11[Yi < S]]

= BE[E[Zi1 [ Zi < S = Yi||Vi, Zi]]
5-Y;—1

:E[ Z m—<Zi)\)me’Zi)‘}

= AB[Z[Yiy1 < S —1]].

So the new estimator is unbiased and asymptotically unbiased.
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Chapter 5

Analysis of theoretical bounds of variance of the new

estimator

5.1 Convergence of variance of );

We derive the asymptotic variance of Xs in the subcritical case of A < 1 and when saturation
is neglected by letting S — oo. When A < 1, the branching process dies out with Zi(k) — 0 as

)

1 — 00 almost surely and V% = v as n — oo almost surely. Hence, the Harris estimator

An — A @S N — 00, wWhere

K
k
> (v k)

N k=1

A K
L
k=1

Moreover, for A < 1, our estimator s — Ao as S — oo. From (4.16), the variance of Ao as

o

K — ocois
A1 =M1 =)

>)

a?(

(5.1)

Thus (5.1) gives the asymptotic variance of XS as K — oo and S — oo for A < 1. For
example, for # = 1, the maximum asymptotic variance occurs for A = 0.5 and the asymptotic
standard deviation from (5.1) becomes o(As) = 0.40/vK.

5.2 Bounds of variance of ),

We showed the convergence of variance. In this chapter, we investigate the variance deeper.
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We have
R ElY, 1 K S-3
\/?<)\S ) = L (k,S=1)-1] Z w® (5.2)
1 (k) \/?E[Y (k,5-1) ] k=1 i=0
K Z Ys(k S5—1)—1
k=1
Then (5.2) and the CLT imply that
As — N (), A% (5.3)
in probability as K — oo, where
) S-3 2
A = E w; 5.4
K(EVas-1))? (Z; ) 54)

Now we analyze the bound of this A2

S-3
A? = Elw 5.5
K(E[Y<ks 1-1)) QZZ >
EZ2\I[Yi = S — 1]]
< E[(Zig1 — M2+ (S —i—1)*PYiy = S — 1]
= 00°\N + (S —i—1)2P[Yi; =8 —1] (5.6)

We need to know the minimum of (E[Yy,s-1)-1])? and the maximum of ZS ’ E[w?] to
get bound of variance. If the distribution is known and can be calculated, we can estimate
the bound of the variance from (5.6). We expand the analysis of (5.6) for the case that the

initial distribution is a Poisson distribution.
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1) 37 Blwf]

S-3 S-3
Ew]] < Y 00°X +(S—i—1)*P[Yi =5 —1] (5.7)
=0 =0
o 9
< T3 H(S-1B(S-1,6,15) (5.8)

—rA—0

Blr,0,\n) = 0(r\+6) 15 -

e—r)\—G
< O(ra+0)! -
V2mrrre " T
0 6(17)\)7“79

< OO it o)

0 e
— 9)\(17)\)r1+_r—
(e )\7’) V27 (rA + 6)

o0(1/A=1)

V21r(rA + 6)

< GAeIVY

So (S — 1)2B(S — 1,0, \,S) is proportional to v/S — 1(Ae!™*)571. Since Ae!™ < 1 for
A < 1, this is a decreasing function of S — 1 for large enough S. It is directly calculated
that (S —1)2B(S — 1,6, A, S) is lesser than 0.005 for S > 100, A < 0.65 which is neglectable
compared to %. Actually, the above bound is larger than the true value we got from direct
computer calculations and would be able to be smaller values. However still it suggests that
(S —1)2B(S — 1,6, A\, S) rapidly becomes small compared to % when A is small.

As o is the variance of Poisson offspring distribution, by neglecting the second term in
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(5.8),
0'2 = E[(Zl — )\Z0)2|ZO = 1]
= E[Z}] — 2\E[Z)] + A\
= Var[Zi] + E[Z;]* — 2)* + \?
= A
So
S-3
Oo?
Elwf] <
p 1— A
2
I D
1
2) (BlYs(k,5-1)-1))?
S—-2
E[Yyks-n-1] > Y rB(r6,)5)

8

= E[r|S =o00] = > rB(r,0,),5)

S—1

> ——9\/ — 1(Ae7M)S-

1—)

O(1/A=1)

\/%((S— DA+ 6)

The second term is also a decreasing function of S after some large S. So we can approximate

E[A,] by £ in that case. /S — 1(/\6(17/\))571% shows smaller value than 0.0005

eO(1/A—1)

for S > 200, A < 0.65. In this case, we can neglect /S — 1()\6(1_>‘))S_1m.

With this approximation

AL =)

2 _
A= Ko
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As the maximum of A\(1 — A) is 0.25, maximum of standard deviation of estimator A is
approximated to the value \})T?—e. This shows a clearly similar result to that of Wierzbicki’s
empirical result of 3—% [4].

3)When § is small, A is large. In this case, the above approximation is not good. We
should use the direct calculation of sum of rg(r, 0, A, S) for the lower bound of E[Ys(k,S—l)—l]'
Also we should calculate the value of (S —1)2g(S—1,0, )\, S) directly to get the upper bound

of 25;03 E[w?]. Further research may suggest a better bound for this case.
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Chapter 6

Performance results of the new estimator

To augment these asymptotic results, the estimator XS is tested on the saturating branching
process with # = 1 and 0 < A < 2. The worst case bias and standard deviation of /):S are
determined numerically from 1000 cascades with nonzero failures and the results are shown
in Table 6.1. The asymptotic variance (5.1) and Table 6.1 can be used to estimate the

number of cascades K needed to obtain a given standard deviation in /)\\S.

Table 6.1: Bias and standard deviation of XS on saturating branching process with § = 1

number of runs saturation bizls standard deviatig)n
" R e LS %70
10 20 0.035 0.28 = 0.87/VK
20 20 0.018 0.18 = 0.80/VK
50 20 0.008 0.11 = 0.78/VK
200 20 0.004 0.055 = 0.77/VK
10 100 0.050 0.16 = 0.57/VK
20 100 0.027 0.092 = 0.41/VK
50 100 0.010 0.057 = 0.40/VK
200 100 0.003 0.029 = 0.41/VK

As S increases, the empirical variance shows clear coincidence with the suggested ap-

proximated bound of 3—%. Though this is not a rigorous proof, it supports the previous

theoretical analysis.
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Chapter 7

Conclusion and Future Work

In this thesis, the approximation of a loading dependent model of cascading failures by a
branching process model is analyzed. Bounds on the region of good approximation are given.
We have provided numerical evidence of the actual approximation of the two models, too.
The actual approximation supports the theoretical analysis and can be used to determine the
maximum number of failed components for which the approximation is good. Except for the

cases of extreme values of the parameters A\, 6, the ratio of the probability of r components

NGY
11—\

failed is less than two and greater than one half until r exceeds , Where n is the number
of components.

Each of the two models has its own intuition and logic that explain the cascading failure
of the network. One can not easily determine which model is absolutely better in real world
cases. So the good approximation between the two models lessens the burden of choosing
one model.

The thesis also does more detailed research regarding the estimator of offspring distribu-
tion in the Poisson branching process model. A new and improved unbiased estimator can
be used to get the better estimates of the cascade propagation parameter A when applying
the branching process model to real data.

The improved estimator for A can be used in several ways. By using the estimate of
A to get the probability distributions of blackout sizes, the evaluation of risk in a given
system model becomes possible. The system designer will be able to anticipate the risk of
the system from past data and the insurance could be made on the basis of these results,

once the models become further established.

The remaining problem of estimation is the bounds on the variance of estimate of .
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Though the asymptotic convergence of variance is proved, the actual variance in the case of
a practical number of components is not perfectly optimized. The current analysis is good
for some limited cases but the other cases are left for the future work.

The properties that are dealt in this thesis are a step beyond previous researches. They
enable the engineer to better understand the cascading failure phenomena of the blackout
and will help to establish several tools to analyze them. Also they can be used in other
fields that encounters similar cascading phenomena. The thesis deepens the understanding

of cascading blackout of power systems and enables more accurate and efficient analysis.
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