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ABSTRACT

Sigma-Delta modulators are among the key data conversion components in digital audio and mul-
timedia systems. Power electronic converters transform power from one form to another by means
of power semiconductor devices. For instance, an electric vehicle is propelled by an ac motor
which derives its power from a dc battery. The dc-to-ac conversion is afforded by a power elec-
tronic converter. In this dissertation, we demonstrate the strong commonality between sigma-delta
modulators and power electronic converters, and exploit this to invent, analyze, and build a new
“quieter” and more efficient power electronic converter. Applications of this technology include
electric submarines and vehicles, solar distribution systems, and wind turbines.

A novel application and generalization of sigma-delta modulation has emerged in the area of
high frequency power electronics. A conventional sigma-delta modulator with scalar signals and
binary quantizer is generalized to the hexagonal sigma-delta modulator which comprises vector
signals and a hexagonal quantizer. Indeed, power electronic switching states may be thought of
as determining the quantizer outputs. The output spectrum is a key performance measure for both
communications and power electronics. This dissertation analytically derives the interesting output
spectrum of the hexagonal sigma-delta modulator with a constant input using ergodic theory and
Fourier series on the hexagon. The switching rate of the modulator is important for power elec-
tronic design. Formulas for the average switching rate are derived for constant and slowly varying
sinusoidal inputs. Design techniques from communications such as white noise spectral analysis

are generalized and applied to analyze the sigma-delta designs so that the noise can be shaped to



design requirements and a range of interpolative sigma-delta modulator designs from communi-
cations can be drawn upon. Hardware and simulation results demonstrate significantly improved
spectral characteristics over prior work. The hexagonal sigma-delta modulator is patented and has

been implemented in spectrally demanding commercial power electronic products.



Chapter 1

Introduction

Numerous advances in XA modulation technology have recently appeared in the communica-
tions literature. This dissertation generalizes and applies these improvements to the analysis and
design of XA modulators for high frequency power electronic systems. The system of £A modu-
lation originated in the early Sixties [1, 2, 3, 4] and has received significant attention over the past
decade as an attractive alternative to conventional analog-to-digital converters [5, 6].

YA modulators or, more generally, oversampled analog-to-digital converters achieve the per-
formance of high resolution quantizers by using low resolution quantizers in a feedback loop with
linear filtering. These converters modulate an analog signal into a simple code, usually a single
bit, at a frequency much higher than the Nyquist rate. In this manner, the modulator can trade res-
olution in time for resolution in amplitude as well as employ simple and relatively high-tolerance
analog components [7, 8, 9, 6]. '

In power electronics, switching converters can also be viewed as analog-to-digital converters
wherein an analog reference is coded into a Jow-resolution set of discrete switching states [10].
Moreover, switching converters typically switch at frequencies well in excess of the Nyquist rate.
Therefore £A modulation techniques are pertinent. Indeed A modulators have been applied
successfully to systems such as resonant dc link converters (RDCL) wherein the discrete timing
of the circuit switching precludes the use of conventional modulation techniques such as pulse-
width modulation (PWM) [10, 11]. Resonant link converters use zero voltage switching to limit

switching losses and attain relatively high switching frequencies [12).



The main analogy we exploit is with the methods in communications theory of converting
(modulating) an analog signal to a digital signal with a quantizer and subsequently (after trans-
mission) converting (demodulating) the digital signal back to analog form. For instance, a volt-
age source converter applies one of a finite set of discrete voltages on the converter output. The
converter output is then passed through an analog low-pass filter that removes the modulation fre-
quencies thereby demodulating the discrete voltages back to analog form. In both communications
and power electronics, an aim is to design the system so that the input signal is transmitted with
minimal distortion.

One consequence of this interpretation is that the power electronic switching states determine
the possible “digitized states” or quantizer outputs. That is, the structure of the quantizer is de-
termined by the power electronic circuit. For example, the conventional voltage source inverter
(VSI) [13] of Fig. 1.1 has seven switching states which correspond to the seven output vectors in
Fig. 1.2. We assume balanced three-phase signals represented by vectors with three coordinates
which sum to zero. The outputs of the VSI are the line-to-neutral voltages which may equal one of
seven possible values according to the switch state. These seven space vectors are shown as dots
in Fig. 1.2 and can be thought of as the possible output vectors of a quantizer. Here we choose
the quantizer so that a quantizer input vector « maps to the dot nearest to u. The broken lines in
Fig. 1.2 delimit the regions which map to each dot. This “hexagonal” vector quantizer is a nearest
neighbor quantizer and is well known in communications [14, 15]. Moreover, this quantizer is
optimal in the sense that the mean-square error from input to output is minimized [14]. Viewing
high frequency power electronic circuits as contributing to quantization allows them to be regarded
as part of the modulator topology. It follows that noise-shaping methods of filter design may be
applied to optimize the spectral characteristics.

To apply the conventional £ A architecture with binary quantization to three phase converters
requires some generalization. First, the output voltages of the VSI are limited to a set of seven
output vectors which form a truncated hexagonal lattice. If we assume a nearest neighbor partition

as in the binary case, the appropriate generalization is the truncated hexagonal vector quantizer
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Figure 1.1 Voltage source inverter.
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Figure 1.2 Voltage source inverter output states.

discussed above. Second, all modulator signals are augmented from scalar quantities to vectors

and a vector integrator replaces the scalar integrator.

1.1 Motivations

There has been extensive design and analysis of scalar 2A modulators for applications in com-
munications and signal processing [5]. Also vector quantization is applied (but not to YA mod-
ulation) in a number of applications in signal processing [16]. The power electronic application
combines specific vector quantizers with 2A modulation and requires a significant generalization
of the scalar work. Of course, vector quantization can be used in ©A modulation simply by apply-
ing scalar A modulation to each component; but the analysis of these systems is straightforward.
In contrast, the hexagonal quantizer is not the Cartesian product of two scalar quantizers, so that the
required generalization is not trivial. The vector generalization motivated by the power electronic
application is natural enough in communications and signal processing since the nearest neighbor
quantizer is one of the simplest vector quantizers. However, it appears that the use of hexagonal
quantizers in A modulators has not been studied previously and that this type of generalization

has not been explored.



1.2 Approaches

The central component of a A modulator is a quantizer, a device that maps real numbers
into a finite set of possible representative values, often as few as two. Quantization is a nonlinear
operation and thus rigorous analysis can be difficult. Incorporating a quantizer in a linear system
with feedback as in the case of A modulators renders the analysis challenging.

Two different approaches for analyzing £A modulators have evolved: approximate methods
based on the results of Bennett [17], and exact analysis. In the first approach, one tries to ap-
proximate the quantization noise by choosing an input-independent additive noise source having '
a similar long-term sample distribution and power spectrum. The simplest noise model is white
noise with a uniform distribution. Under such an approximation, the nonlinear ©A modulator is
modeled as a linear system, and the performance can readily be derived by using well-known lin-
ear system techniques. Moreover, approximate methods have been a key tool in practical design
and have predicted many aspects of system behavior to a sufficient degree. Some of the properties
agree reasonably well with simulation results [9, 18]. However, two notable failures of the linear
model predictions are the generation of idle-channel tones and modulator instability [6].

Exact analysis was first applied successfully to discrete-time single-loop A modulators with
dc input [19, 20]. Instead of assuming the memoryless and uniformity characteristics, this approach
derives the true quantizer noise behavior by solving a system of nonlinear difference equations,
and then determining the noise statistics and power spectrum. The major conclusion is that the
quantizer noise, even though uniformly distributed, is not white. In fact, the quantizer noise and
output of single-loop £A modulators have discrete power spectra, which consists of spectral spikes
whose frequency location depend in a complex way on the system input [21]. This suggests that the
single-loop system is unfavorable; besides, the discrete nature of the spectra may be subjectively
undesirable for certain applications such as digital audio.

Several researchers have applied exact analysis methods to scalar A modulators to describe
their behavior, predict their performance, and help develop improved systems. These works share

the common goal of avoiding unjustified application of the white noise approximation. Powerful
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techniques from ergodic theory have been deployed by Gray [19, 21], Delchamps [22, 23], and
He et al. [24] to derive exact formulas for the spectra of scalar modulators for various inputs. Of
related interest are the works of Kieffer [25] on stability and convergence of one-bit quantizers,
and the work of Hein and Zakhor [26].

In this dissertation, we build on these exact analyses to derive the spectrum of a vector TA
modulator with a hexagonal quantizer and a constant input. To simplify our analysis of this highly
nonlinear system, we make two assumptions. The first assumption is that the modulator input is
constant. While sinusoidal waveforms are also commonly used to test the system performance, the
constant input is a useful idealization of slowly varying waveforms. The second assumption is that
there is no overload in the internal quantizer. This can be accomplished by limiting the magnitude
of the modulator input (i.e., dynamic range).

A key aspect of modulator performance is the output spectrum. Despite its complexity, we
show in this dissertation that exact calculation of the output spectrum can be done using results
from ergodic theory and Fourier analysis. In this approach, the nonlinear discrete dynamical sys-
tem representing the modulator is thought of as iterated shifts on a torus and the typical statistics
of the process may be computed by integration over the torus or subsets of the torus. The generic
case of the spectrum calculation first appeared in our conference paper [27].

Switching rate is an important performance measure in power electronic design since device
switching loss is directly proportional to the switching rate. We derive the average switching rate
for the scalar and hexagonal A modulators with generic constant inputs and then extend this
calculation to slowly varying sinusoidal inputs.

Rigorous analysis of £A modulators is challenging because the quantizer nonlinearity occurs
inside a feedback loop. However an approximate approach based on the results of Bennett [17] is
very useful for many practical design purposes [9, 18, 28, 29]. In this approach, the quantization
noise is approximated by an input-independent additive noise source having a similar long-term
sample distribution and power spectrum. The simplest noise model is white noise with a uniform
distribution. Under such an approximation, the nonlinear ©A modulator becomes a linear system

with a stochastic input, and the performance can easily be derived.






