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ABSTRACT

Traveling Wave Tubes (TWTSs) are microwave and millimeter wave ampliflers used in radar,
satellite communications, and electronic countermeasure applications. On a satellite, the
TWT provides the flnal communications signal boost before transmitting the signal back to
earth. In electronic countermeasures, TWTs boost signals that are sent out to deny detection
by an enemy radar. The TWT, as with any amplifler, has a less than ideal behavior due to the
amplifler nonlinearities. The non-idealities typically result in decreased amplifler e—ciencies
or reduced bandwidth. Such compromising behavior can be extremely expensive where a
1% increase in e—ciency of a TWT could save $100; 000; 000 over the operating lifetime of a

communications satellite.

In this dissertation new advances in nonlinear modeling of TWTs are presented. These
advances include new techniques for calculating properties of nonlinear behavior, and new
insights into the physical processes responsible for the nonlinear distortions. In particular,
the physics of intermodulation distortion, phase distortion, and harmonic injection are stud-
ied in detail. The new ideas on intermodulation distortion and phase distortion presented in
the thesis revise long-standing assumptions about TWT nonlinearity, and should ultimately
play a role in improving TWT designs through improved understanding. The new ideas
and explanations of harmonic and signal injection may enable new technologies that would
increase e—ciency, bandwidth, and linearity, and provide increased functionality and higher
data rates with large cost savings for electronic countermeasure and satellite communications

markets.



Chapter 1

Introduction and background

1.1 Introduction

Traveling Wave Tubes (TWTSs) are microwave and millimeter wave ampliflers that are
used extensively in communications, radar, and electronic countermeasure applications.
They continue to flnd wide-spread application due to their inherently wide bandwidths and
their high frequency, high power operating points. A compromising feature of the TWT is
the device nonlinearity. The nonlinearity manifests as a saturating mechanism and spec-
tral distortion; both of these efiects limit TWT e—ciency. For electronic countermeasures,
power produced in the harmonics of the fundamental limits the output powers obtainable
at the fundamental, and this limits the obtainable e—ciency at the fundamental. For digital
communications applications, the distortions increase bit error rates, and this limits data
rates. Reducing nonlinear distortions in TWTs would increase e—ciency and bandwidths of
electronic countermeasure systems, and would increase data rates and e—ciency in digital
communications applications.

There are several examples of nonlinear efiects that have long plagued TWTs and have
been the focus of much research, but are still not completely understood in terms of physical
mechanisms. Among these are harmonic injection, cross-modulation, and phase distortion.
Moreover, due to increased sophistication of modulation techniques in digital communica-
tions, there are new problems associated with TWT nonlinearities which also lack explana-
tions and remedies. For example, there is no general description based on TWT physics for
how statistics of the input signal translate to statistics of the output signal. Since improved
understanding inevitably leads to improved techniques and designs, wireless communications
systems and electronic countermeasure systems certainly stand to beneflt from improved ex-
planations and insights into nonlinear TWT physics.

The methods available to study nonlinear TWT physics include experimentation, model-
ing, simulation, and analysis; this thesis focuses on modeling, simulation, and analysis. The
two primary methods for modeling TWT behavior are physics based models and generic
input-output models. There are a wide variety of available physics based models. On one
end of the spectrum are steady-state models which assume a Fourier series form for the RF in-
put and are usually systems of nonlinear ordinary difierential equations. On the other end of
the spectrum are electromagnetic particle-in-cell (PIC) models that involve solving electron



beam equations and Maxwell’s equations (partial difierential equations) in the time-domain.
Models in this spectrum can be 1-d, 2-d, 3-d, or some mixture, i.e., difierent dimensions for
the electron beam and electromagnetic flelds.

We have developed three new 1-d nonlinear steady-state TWT models, the MUSE model,
the S-MUSE model, and LATTE [82]. This \suite" of models provides a foundation for sim-
ulation and analysis that has led to a new understanding of many aspects of nonlinear TWT
physics. The LATTE model captures the largest amount of nonlinear physics, including RF
power saturation, and is ideally suited for simulation. By virtue of its construction, the
MUSE model fails to predict the same RF power saturation as LATTE, and is therefore
not considered to be as accurate at LATTE. However, the MUSE model has a mathemati-
cal structure that allows certain physical aspects of the device physics to be studied which
cannot easily be probed in LATTE or any other TWT model past or present. The S-MUSE
model is derived from the MUSE model by dropping certain nonlinear terms, and can be
considered an approximation to the LATTE solutions applicable prior to power saturation.
However, the S-MUSE model is analytically solvable and the structure of the solutions de-
scribes much about the underlying nonlinear physics of the TWT. Therefore, although the
MUSE and S-MUSE models sacriflce certain physical predictive capabilities and have a more
limited range of use, they are advantageous in other respects including speed of computation,
analytic tractability, and access to physics not available to other models.

In this thesis we apply LATTE, MUSE, and S-MUSE, derived and compared with the
large signal code Christine 1-d [4, 5] in Chapter 2, to some important nonlinear problems in
TWT physics. Christine 1-d predictions have been extensively validated with experiments,
and are therefore regarded as an acceptable validation benchmark for the new models. In
Chapter 3 the analytic solutions to S-MUSE are computed, and technical details are dis-
cussed. In Chapter 4 a process for generation of harmonic and intermodulation distortions
is given, along with a formula to compute exponential growth rates of the distortions. In
Chapter 5 we study phase distortion in the TWT. Using the models we ofier a new view of
the physical mechanisms of phase distortion that is counter to a decades old view, and apply
the new insights to several phase distortion related problems. In Chapter 6 we study the
theory and simulation of harmonic injection, and more generally signal injection, for shap-
ing output spectra. The material gives unique insights into many aspects of many difierent
signal injection schemes. Such insights will probably play a role in the development of new
linearizer technologies. Finally, in Chapter 7 we give an overview of the entire thesis and
describe its impact on the fleld of vacuum electronics.

1.2 Literature review
In this section we review the TWT literature on the following topics:
1. physical TWT modeling using Eulerian coordinates,

2. physical TWT modeling using Lagrangian coordinates,



3. TWT transfer functions,

4. harmonic injection in TWTSs.

Unless otherwise specifled the TWT models discussed below are steady-state \frequency
domain’ models, i.e., inputs may be written as a Fourier series.

1.2.1 TWT modeling using Eulerian coordinates

1.2.1.1 Linear Eulerian theory

The classic linear TWT model was published by J.R. Pierce in 1947 [60]. The analysis
uses a one-dimensional transmission line to represent the slow-wave circuit, and models the
electron beam as a one dimensional uid. The uid equations for the electron beam are a
Newton’s Law relation and an equation of continuity, both expressed in Eulerian coordinates.
The theory, known as \Pierce theory" or \small-signal theory,” is widely used and the details
have been presented in several text books, for example [7, 39, 41, 48, 54, 61]. The linear
theory is a single frequency theory and does not predict saturation of the circuit fleld.

1.2.1.2 Nonlinear Eulerian theory

Several authors have modeled TWT nonlinearities using the Eulerian electron beam
equations that Pierce linearized to get the small-signal theory.

Brillouin [11] develops a single frequency nonlinear TWT theory based on the non-
linearized Pierce equations. He flrst re-derives the small signal results. However, he includes
relations for energy density and energy ux, as well as formal inequalities for the limitations
of the linear equations. He then considers \large amplitude regimes of the nonlinear equa-
tions. Classes of \stable waves,” \shock waves," and \oscillating waves of moderately large
amplitude™ are considered.

Putz [64] is the flrst author to attempt an extension of the small signal theory to include
multiple frequencies. The following is a summary of [64] from Curtice [19]:

Putz’s method of analysis is to find, to a reasonable approximation, the power-
series expansion for the electric fleld of the slow-wave structure. Starting with an
analysis of electron bunching owing to an assumed helical fleld, the fundamental
alternating current can be evaluated and expressed in a power series. This power
series, together with the relationship between beam current and electric fleld
on a travelling-wave structure, leads to a power-series expansion for the electric
fleld, the flrst term of which is merely the usual small-signal result. Several
successive approximations are used to obtain a self-consistent solution which,
however, ignores space-charge forces in the beam and any transverse motions of
the electrons.

The analysis of bunching is done with a single-wave solution (the growing wave)
for each signal. This approximation is accurate in tubes of high gain, but will be



erroneous in cases where the other waves cannot be neglected; e.g. it is not clear
how to analyse a t.w.t. with a lumped attenuator. However, if there is at least
20dB gain following the attenuator, the growing wave will adequately describe
the circuit fleld, and [intermodulation] and [cross modulation] efiects will result
principally from the nonlinear efiects after the attenuator. If the gain after the
attenuator is insu—cient, new efiects occur as Ober has shown.

Sobol [73] also attempts a multifrequency analysis. From El-Shandwily [29]:

Sobol used the same procedure [as DeGrasse] to derive four sets of equations (in
addition he neglected the second harmonic that was considered by DeGrasse),
and gave numerical solution only for the longitudinal beam parametric amplifler
case with the pump frequency at twice the signal frequency.

DeGrasse [26] uses a method similar to Sobol [73]. Again from El-Shandwily [29]:

DeGrasse gave an analysis of linear O-type ampliflers with two input signals.
... Five sets of equations which describe the operation of the traveling-wave am-
plifler were derived. One set was for each input signal and one set for the dif-
ference, the sum and the second harmonic of one of the input signals. To solve
the equations, DeGrasse assumed that both of the input signals propagate inde-
pendently according to Pierce’s linear theory. Knowing the solution for the two
input signals the other components could be obtained. Other intermodulation
components such as those at 2f, j f; and 2f; j f, which could be important were
not considered.

Curtice [19] extends Putz [64] to include space charge and larger values of the Pierce gain
parameter C. A series expansion of the beam current gives a series expansion for the circuit
fleld, the second term of which contains the \flrst-order nonlinear efiects of t.w.t. operation.”
As in [64] the nonlinear term is normalized into a \normalized distortion factor." This
factor is related to the cross-modulation factor, which is then related to output amplitude
and phase modulation, and intermodulation power ratio. The normalized distortion factor is
computed versus TWT parameters. The analysis however is limited to \the weakly saturated
condition.”

The group of Datta et al. have published a collection of articles using a third order
nonlinear model based on Eulerian electron beam equations. Following work by Paschke
[57, 58, 59] Datta et al. use \successive approximations to obtain analytic solutions to the
nonlinear system. While a 1-d analysis, their model includes all relevant physics, although
nonlinearities above the third order are discarded [23]. However, they note that for their
results to be \fairly acceptable™ [20] the beam plasma frequency must be much below the
operating frequency, referring to [59] for justiflcation of this fact. In [20] they introduce the
model, solve it for a single frequency, and compare their results to a Lagrangian model for
a particular TWT. Interestingly, the Eulerian model demonstrates saturation efiects for the
TWT parameters presented. In [23] they provide a slightly more detailed derivation and



solution of their model again for a single frequency. In this article they compare their model
to a Lagrangian model for two difierent TWTs and establish a \regime of correctness.” In
[22] they again study their third-order model, but now consider the generation of harmonics
and their control. The efiects of dispersion parameters, circuit loss, and harmonic injection
on the amount of harmonic content present in the output are studied. For the generation
of a harmonic from a drive frequency they consider only the second order nonlinearity, but
the third-order nonlinearities are included in the computation of the fundamental frequency.
However, in the case of second harmonic injection they include second and third order
nonlinearities for both the fundamental and harmonic signals. Reference [24] is similar to
[22] although they do not treat harmonic injection. Lastly, in [21] they study harmonic
injection to reduce third order intermodulation frequencies using the same formalism as
their other papers.

Finally, a paper containing the derivations of the Multifrequency Spectral Eulerian (MUSE)
model, S-MUSE model, and a Lagrangian disk model LATTE, all presented in this thesis,
appears in [82]. It is worth noting that the MUSE model is the only \exact" steady-state
Eulerian model in the literature in that no approximations on the nonlinearities are made.
As such, there does not seem to be an analytic solution to the MUSE model and numerical
integration must be used to solve it. However, numerical integration of the MUSE model
seems to be easier to perform than implementation of the analytic solutions given by Datta
et al., especially as the number of frequencies increases.

1.2.2 TWT modeling using Lagrangian coordinates

The impetus for original work using Lagrangian coordinates for the electron beam was
that \electrons overtake one another at or even considerably before the point along the
tube where the limiting power level is obtained,”[56] in which case Eulerian functions be-
come multi-valued. Codes using such formulations have been quite successful in accurately
predicting TWT behavior. Since these models must be numerically integrated, paramet-
ric studies of various physical phenomena are more challenging and time consuming than
analogous parametric studies of an analytic solution, even if the analytic solution is for an
approximate model.

1.2.2.1 Single frequency

The original paper using Lagrangian coordinates to model the electron beam was by
Nordsieck [56]. This work ignores space charge efiects and circuit loss. Several authors
followed Nordsieck with similar Lagrangian models including more physics. From Tien [75]:

Poulter [62] has extended Nordsieck equations to include space charge, flnite
C and circuit loss, although he has not perfectly taken into account the space
charge and the backward wave. Recently Tien, Walker, and Wolontis [77] have
published a small C theory in which \electrons™ are considered in the form of



uniformly charged discs and the space charge fleld is calculated by computing the
force exerted on one disc by the others. Results extended to flnite C, have been
reported by Rowe [66], and also by Tien and Walker [76]. Rowe, using a space
charge expression similar to Poulter’s, computed the space charge fleld based on
the electron distribution in time instead of the distribution in space. This may
lead to appreciable error in his space charge term, although its in uence on the
flnal results cannot be easily evaluated.

Tien [75] takes the model by Tien, Walker, and Wolontis [77] and extends it to flnite C.
Additionally, a method for calculating a backward wave contribution is provided and the
efiect of the backward wave is studied. This analysis however ignores circuit loss.

For a summary of these papers and those that followed, the reader is referred to the book
by Rowe [67]. Multi-dimensionality of the electron beam is also covered in [67].

1.2.2.2 Multiple frequencies

To extend the 1-d single frequency models to handle input signals with multifrequency
content, and the associated intermodulation frequencies due to the TWT nonlinearity, models
using Fourier series for circuit quantities were developed. Among the original models were
El-Shandwily [29] and Giarola [40]. References [71, 78, 27] also develop such models. The
papers by Srivastava and Joshi [74] and Datta et al. [25] are similar to the earlier papers
in how they treat the electron beam, but each handles the circuit and space charge flelds
difierently.

More recently, another collection of such models have appeared in the literature. The
models compute the RF quantities using electromagnetic fleld representations and Maxwell’s
equations rather than the equivalent circuit models. Antonsen and Levush present a 1-d
frequency domain model [4, 5] which is extended to 3-d by Chernin et al. [17]. Freund et
al. formulate 3-d models in both the time domain [37, 36, 34, 35] and the frequency domain
[32, 33]. The time domain models are restricted to single or multifrequency sinusoids with a
slowly varying envelope.

1.2.3 TWT transfer functions

From the perspective of a system engineer, the TWT can be characterized by input-
output transfer functions. Most commonly these include an AM/AM curve relating the
output power to the input power, and an AM/PM curve relating the output phase to the
input power. The character of these curves captures some of the nonlinearity of the TWT.

Putz [65] considers nonlinear efiects in TWTs based on analysis of a physical model,
using graphical methods, and using a power series transfer function. In particular, cross-
modulation efiects are considered with the output of the physical model as well as rules of
thumb; harmonic outputs are predicted with graphical methods; intermodulation products



are predicted using a mixture of empirical formulas and graphical methods. Harmonic injec-
tion is discussed noting that the harmonic and drive frequencies mix to produce a signal at
the drive frequency that adds to the original drive signal. By substituting a multifrequency
signal into a power series transfer characteristic, he derives expressions for the nonlineari-
ties present in the output signals at the drive, harmonic, and intermodulation frequencies.
Based on these formulas he discusses how the output voltage at intermodulation frequencies
depends on products of the input voltages making the intermodulation frequencies. He also
discusses the presence of cross-modulation terms and how they indicate a linear proportion-
ality of the change in output voltage (for small input voltages) to interfering signal power.
He then compares the power series outputs to the equation derived from the physical model
(presumably from [64]) and notes how the forms agree. Lastly, based on the physically de-
rived equation, he claims that nonlinear efiects will be least for TWTs with highest values
of C and lowest values of circuit loss.

Saleh [69] proposes empirical frequency independent amplitude-phase and quadrature
models as well as a frequency dependent quadrature model. For multiple phase modulated
carriers he solves the frequency-independent quadrature model for intermodulation frequen-
cies. The two carrier case gives a complete analytic time domain solution while the many
carrier solution contains an integral that must be evaluated numerically. He proposes the
frequency-dependent quadrature model as an extension to the frequency-independent model,
but does no studies using the model. The introductory paragraphs of [69] give a nice sum-
mary of amplitude-phase and quadrature models prior to [69]. Abuelma’atti [3] gives a
frequency-dependent quadrature model for the TWT basing it on a frequency-independent
quadrature model, and gives an example of its use in computing intermodulation products
of two frequencies. Guida [42, 43] provides methods for computing intermodulation power
for given input signals using speciflc TWT input-output models. Reference [42] summarizes
previous methods for doing such calculations.

Several authors study the physical mechanisms behind the AM/AM and AM/PM transfer
curves with large signal codes. The AM/AM mechanism is due to the saturation of the device,
while the AM/PM mechanism is \shown" to be related to decrease of electron velocities and
the phase of the electron bunch with respect to the voltage wave. Ezura and Kano [30] study
the dependence of the AM/PM curves on TWT parameters, amplitudes of circuit waves, and
average electron velocities theoretically and experimentally. Hirata and Kanai [46] and Hirata
[45] study the relation of AM/PM conversion to the generation of intermodulation products.
It is found that the in-phase component of the fundamental charge density modulation with
respect to the circuit voltage dominates the generation of intermodulation products.

Carter et al. [12] developed a code for predicting intermodulation distortions based on
the single carrier transfer characteristics of a TWT. Although details of their input-output
model are not given, it is frequency-independent in that it assumes TWT characteristics
do not vary appreciably over the band of frequencies under consideration. They compare
this model to the output of a multifrequency large signal TWT model for the case of two
carriers, three carriers, and eight carriers. To achieve the efiect of uncorrelated carriers,
several runs of the large signal code with random initial phases are averaged. The results



are generally favorable and all difierences are attributed to the frequency-independence of
the input-output model.

1.2.4 Harmonic injection in TWTs

By injecting harmonics of drive signals the TWT output spectrum can be advantageously
shaped. In the case of single frequency drive, harmonic injection can suppress the output
harmonic and boost the fundamental relative to the harmonic. In the case of multifrequency
drive, harmonic injection can reduce the intermodulation spectrum.

1.2.4.1 Single drive frequency

Mendel [55] states that enhancement by injecting harmonics

...was discovered quite some time ago when it was observed that the wrong
type of second-harmonic input would seriously degrade the power output at the
fundamental frequency. ... This process is is one of cancellation, whereby the
injected second-harmonic signal is such that it is 180~ out of phase with the second
harmonic signal generated by the nonlinear processes inherent in the interaction
mechanism.

Early articles discussing harmonic injection mechanisms and hardware implementations in-
clude [65, 44, 38]. We have provided a reflnement to the mechanistic picture given in these
references. Later, Datta et al. [22] give numerical studies of harmonic injection where they
compare predictions of Eulerian and Lagrangian models.

1.2.4.2 Multiple drive frequencies

Sauseng et al. [70] show that intermodulation distortions can be reduced with harmonic
injection by 6dB to 18dB below the fundamentals. More recently, Wirth et al. [79] have
done similar experiments in which they were able to attain 24 dB of suppression. Datta et
al. [21] have done simulations demonstrating this phenomenon.



Chapter 2

Steady state TWT models

2.1 Introduction

In this chapter we derive a new 1-d nonlinear multifrequency Eulerian TWT model,
the MUSE (Multifrequency Spectral Eulerian) model. We also derive a Lagrangian \disk"
model LATTE (Lagrangian TWT Equations) from the same initial equations for comparison
purposes as well as to demonstrate the theoretical relation between MUSE and a disk model.
A simplifled MUSE model S-MUSE more suitable for analysis is also derived. These three
models are compared to each other and Christine 1-d for a set of TWT parameters which are
based on the Hughes (now Boeing) 8537H L-band TWT design. The comparison to Christine
1-d is particularly useful since this code is widely known and used, and it has been validated
against experiment for the Hughes TWT [2, 68]. The nonlinearities of MUSE and LATTE are
compared, and an example of how MUSE can examine fundamental distortion mechanisms
is provided. We also study how the dimensions of the MUSE model and LATTE scale with
number of frequencies, an important issue for assessing the use of MUSE as a numerical tool.
Results from a simulation with 402 frequencies are provided. Lastly, we discuss the relation
of the MUSE model to the \method of collective variables™ in free electron laser theory [10].

Section 2.2 presents the models to be considered. We derive the MUSE model and discuss
its numerical solution, derive the disk model LATTE, and derive the S-MUSE model. The
models are compared to each other and Christine 1-d in Section 2.3. In particular we look
at circuit power versus axial distance, a constant of the motion and the issue of electron
overtaking. Section 2.4 discusses the nonlinearities in MUSE, the dimensional dependence of
MUSE and LATTE on simulation parameters, and the relation of MUSE to the \collective
variable™ theory of free electron lasers.
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2.2 TWT models

2.2.1 MUSE
2.2.1.1 Derivation

For the MUSE model the helix is modeled as a lossless transmission line! and Eulerian
equations are used for the electron beam. In particular, the time domain model equations
are

@@—\; = h/%—![ @.1)
o A e
@@—E = il:) 2.3)
%”g_\z/ = imieh/@@—l+mieR/E (2.4)
%H% - i%og_Z; (2.5)

where z is axial distance, t is time, V is transmission line voltage, | is transmission line
current, E is the space charge electric fleld, v is electron beam velocity, and % is the volume
charge density of an electron beam with cross sectional area A. The~"denotes convolution
and this allows for frequency dependence of circuit and beam parameters. The functions
hy;h, and R are the inverse Fourier transforms

- i1 Rz f1)
hi(z;t) = Fi? AN (2.6)
. D
. — il
@Y = F nK(Z;f‘!OZ)Vph(Z;f‘!O) &7
R(z;t) = Fil R(z;f1y) (2.8)

where the functions K(z; f-1o); ¥on(z; f- 1) and R(z; f-1,) are frequency domain circuit in-
teraction impedance [39], cold circuit phase velocity, and space charge reduction factor [48]
respectively. The inverse transforms are aperiodic functions of t and are functions of z to
allow for spatial variation of circuit parameters. In the remainder of the thesis notation of
the z dependence is suppressed. The constants e; me; and t, are electron charge, electron
mass, and permittivity of free space respectively.

1See Appendix A for formulations of the models with circuit loss included.
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For reasons that will be made clear later we flrst make the coordinate transformation

z 1 0 z
ST (2.9)
Then

oV 1,0V ol
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vg—‘z’ = ;T‘]’eh/g HR/E+!O 1; ~ @—X (2.13)
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We assume all inputs to the system (signals at z = 0) are periodic in t with fundamental
frequency 1o. This implies that solutions as functions of (z; t) are perlodlc in t with funda-
mental period 2—0 and that solutions as functions of (z; ™) are periodic in — with fundamental
period 2...

For a function x(z; ™) periodic in ~ we use the Fourier series relations

X o
x-(z)e'™ (2.15)
i3

x(z2) = zi 2 x(z; el d™ (2.16)

X(z;7)

where the f. are integers indexed by ‘. The set of frequencies ff.g is chosen to be the
frequencies with nonzero Fourier coe—cients, thus ff-g is the drive frequencies together with
the frequencies produced from nonlinear interactions. We index the frequencies so that
f,-=if-and f,, > f, for m > n. Since our functions are real valued,

.. = X (2.17)
Computing Fourier coe—cients of (2.10){(2.14) gives the MUSE model:
% _ iifl;O!OV‘ : va:):(Kf(To;O)r (2.18)
% - iK(f‘!?;‘:a:(f‘!o)v‘ i ift;;OFJrif‘!OA%m @
dE. _ iif‘!oE‘_F@ (2.20)

dz Uop fo
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where j1 = “ = 1. We have used that for x(z;™) and y(z; ™) periodic, multiplication
becomes convolution:

X
Xz 7TWET) L *m (2)¥n(2): (2.23)

m;n
Ffe=fm+Ffn

The summation notation should be read as \sum over integers m and n such that f,, +f, =
f.."

2.2.1.2 Method of numerical solution

For practical implementation one neglects higher frequencies and limits “* to M = “ =
M. Then the MUSE model has 5(2M + 1) complex equations.

During integration of the MUSE model one needs to solve (2.21) and (2.22) for the
derivatives ‘éiz and dc%.z Equations (2.21) and (2.22) for M =« * « M are the linear
systems

sw, = b, (2.24)

where wy; wy,; by; and by, are 2M + 1 vectors and S is a 2M + 1) £ (2M + 1) matrix. The
“th entries of wy, and ws, are ‘ﬂjiz and dc% respectively, the “* entries of b, and by, are equal to
the right hand sides of (2.21) and (2.22) respectively, and the ‘™ row and nt™" column entry
of S is v, where f,, + f, = f-.

We choose the relation between the initial value of the circuit current and the initial
value of the circuit voltage as

V-0 .

0) = iK(f‘!O)-

(2.26)

2For better numerical performance one should solve a normalized system of equations. See Appendix A
for normalized versions of the TWT models.
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We show in Appendix B that for the linearization of (2.18){(2.22), (2.26) ensures that only
the three forward waves of Pierce theory are excited [41]. If one includes modulations on
beam quantities, (2.26) is still the appropriate relation between initial voltage and initial
current so that only forward waves are excited.
The circuit power at angular frequency ! is due to both the positive and negative fre-
quencies, so®
h i
Pi(z) = i @@+ (@)@ : (2.27)

The negative sign in (2.27) is due to the form of the telegrapher equations which are chosen
to be consistent with [41]. Given input power P,(0) and phase ~y(0) at ! = f.1, > 0, the
initial value of circuit voltage is

s

Py (0)K(F-1yp) o1 ©)
2

V..(0) = ¥0): (2.29)

v.(0) = (2.28)

If there are (periodic) modulations on any of the quantities at the input, one can calculate
the proper initial values using (2.16). Otherwise for * & 0, E- = v = % = 0. Also one has
Vo(O) = Up, %Uo(O) = Yo, and Vo=1Ty=E;=0.

By treating this problem as an initial value problem with the described initial conditions
we are assuming a perfectly matched load and no re ections. When a sever and a mismatched
load are included, one must treat the problem as a boundary value problem and use an
iterative scheme such as a shooting method [63, Ch. 17]. In the boundary value problem the
relation of circuit voltage to circuit current at the input [cf. egn. (2.26)] will be determined
as part of the solution to be consistent with the re ections.

222 LATTE

2.2.2.1 Derivation

We derive LATTE (Lagrangian TWT Equations) from the Eulerian equations (2.10){
(2.14). The Eulerian independent variables are (z; ™), where z is axial position and ~ is
phase. The Lagrangian independent variables are (z; "), where z is axial position and g is
the phase position of a uid element with respect to the stream wave* when the uid element
isat z =0. 7 takes values from 0 to j2...

3In Pierce’s book [61] he states that the power is % Since this result comes from substituting
<20
) = i K‘Z‘ffz')o), which is only valid for source-free transmission line equations, into equation (2.27), it is

not valid for the TWT model.
4The \stream wave" is a hypothetical wave of frequency !, traveling with speed up.
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The transformation from Lagrangian to Eulerian coordinates is given by functions Z
and “ .

27 z@

-~ - cc -~ 230
7o) (2:30)

Z(z; ") is the axial position of uid element ~y at z so
Z(z;70) =1z: (2.31)

““(z; 7o) is the phase position of uid element " with respect to the stream wave at z.
A function g€ of Eulerian variables (z; ) is transformed to a function g- of Lagrangian
variables (z; ") using

0-(z; 7o) = 95(Z(z;70): ““(z;70))
= g%z ““(z: o)) (2.32)

The linearization of coordinate transformation (2.30) is the matrix

0 ?

1
@ e (2.33)
@z @ o
and its Jacobian J is the determinant of (2.33)
J= @,\ : (2.34)
@
Partial derivatives transform via
£ £ 1 o it
& = & im0t oee (2.35)
@z @0
Consistent with the method of characteristics we take
(IR T ¥ Up =
== 11— 2.
0z U, T (2.36)
then the convective derivative [in (z; ) coordinates] becomes
|
@vE vE OVE vt
VEE—+1, — 1 — = vt 2.37
02 0 U o~ 22 (2.37)

Applying the derivative transformations in (2.35) to the continuity equation (2.14) one
gets

o oxvt L sbevt
0% 0z 'V

(2.38)
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Taking 2= of (2.36) one gets

@0 _ Yo v,

B20% | G0 .
Substitute (2.39) into (2.38) and integrate to get
%W — . (2.40)

where = is a constant of integration. We set = by using the values of %-v" and %)To on the
"o axis [by deflnition ““(0; ") = "o which implies %"T‘O(O;"o) = 1] which gives flnally

[gT WvhE = %(0; To)vh(0; o) (2.41)
0

_ 1o(To),

= = (2.42)

The absolute value is added to the Jacobian since it would appear in an integral form of
conservation of mass.

As a last point regarding the coordinate transformation we change variables in an integral.
Pulling the equation for the Fourier coe—cient of % back to Lagrangian coordinates (for flxed
z) one gets

Z
WE. = 1 Kl g~ (2.43)
2]'_“ Zz @“
= 2— Tt @—Ao eiif“‘(z;Ao)d"o (2.44)
o2

Z e~
1 |O("O)eilf‘ (z:"0) .
= — d 2.45
2. ,  Ave(z;70) 0 (2.45)

where we have used (2.41) to substitute for the Jacobian.

Finally we derive LATTE from (2.10){(2.14). Equations (2.46){(2.48) are (2.18){(2.20)
with (2.45) substituted for %-. Equation (2.14) was used to get (2.45). For (2.13) one
writes E and | using the Fourier series synthesis equation (2.15) in Lagrangian coordinates.
Equation (2.36) is also included as model equation (2.50). The circuit equations, space



16

charge equation, Newton’s law, and phase relation are (leaving ofi the superscript L)

dv- if.l, i 1oR(F 1)

T i T g (2.46)
. i1 if.1
d_l“ = if 2o V. ; if -OF
dz K(f- !O)V?q(f 1) Uo
. 1 lo(To)ei @
N Pl
+if -02... , VZ(Z;AO) d 0 (247)
dE. _if1, 117 1p(Co)eiit @
dz ~ ' u Ii‘_k’roAZ... . v(Z ) d)o (2.48)
v 1 XK Tif1eR(f 1)) e : oo (m0)
0z~ v._ MeYpn (F-1o) B R R)E e 249
e !0:t Uo -
= 1§j— - 2.
0z Uo v (2.50)

These equations are valid for an arbitrary periodic electron beam modulation. Equations
(2.49) and (2.50) are ordinary difierential equations parameterized by ~. For calculations
one represents the beam as a flnite number of \disks™ and there are equations (2.49) and
(2.50) for each disk. In this case the integration over ~

Z £ eeg i~
1 IO(AO)ei'f‘ (z;"0) N
o . VL) d"o (2.51)

becomes the sum
1 P 1o(Cg)eif o,

N i1 vh(Z; "o5)

(2.52)

The transformation reveals interesting information about the relation between MUSE
and LATTE. For example, the Lagrangian continuity equation (2.41) is often written as (see
e.g. [39, pg. 302])

where | is beam current, t is time, 1y is initial beam current, and tg is the Lagrangian initial
time. However, it has not been pointed out in the microwave device literature that

dt Iy

- =2 2.54

dty I (2.54)
is the Jacobian of the transformation from Lagrangian to Eulerian coordinates. We use this
fact in Section 2.3.3 to examine when electron overtaking occurs.
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2.2.2.2 Constant of the motion

In Lagrangian coordinates the time averaged linear energy density is

Z C
me 1 AV 1R
W o= 5o N lo( o) d™o 4‘=;1 Vph(f‘!o))r‘r‘/
L V7§ toAR(F10)E-BT (2.55)

Vph(f To)R(F-1o)

The velocity integral is the time average linear beam kinetic energy density. Expressed in
Eulerian coordinates this is

z
m, 1 vk meA 1 WE(VE)?
dy = — d: 2.56
T2, lo( o) e 2., > (2.56)
In the MUSE variables this term is
Z
meA 1 7 HE(VE)? meA X
— da = Yoy« : 2.57
e 2., 2 2 Yim¥n (257)

fe +fm +fn 0

When the circuit parameters K(f-1,); von (f- 1o); R(f- 1) are not functions of z the energy
density W is a constant of the motion. The most convenient way to show this is to compute
the derivative in Lagrangian coordinates, then change the result to Eulerian coordinates.
Using v =v",

( (1]
Sy = mtt v e X TR
0z e 2. 2, (o) 6, % &2 L vpg(f‘!o) dz
rd_l’/ 1 dv- \7'/+\7“dl'/
dz Vp.h(f )R (F: 1) g§ . dz
B
i ToAR(F- 1)) E/ +E. dd—z
"o C D)
>
= IT-LARMYo) oy AR(F 10)E%
=il Vph(f ! ) )#
>
+ T LARM Vo) o AR(F 1) %
=1 Vph(f !O) )
N s h i h i
+ IT-1ARM o) * g, i % AR(F1y) B + E%
_— Vph(f‘!O)

= 0 (2.58)
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2.2.3 S-MUSE

2.2.3.1 Derivation

A simplification of MUSE results in the S-MUSE model. S-MUSE is easier to analyze
than MUSE while it retains important nonlinear physics. The simpliflcations are:

1. approximating %o (z) and ¥,(z) as constants %, and ug
2. neglecting the AC portion of velocity in the convective derivative, i.e. letting v@@—Z uo@@—Z

3. ignoring nonlinearities higher than second order in the continuity equation.

Since we have made the transformation (z;t) ¥ (z;7), some of the nonlinearity of the
convective derivative is retained, i.e. the original v @ term [as seen in (2.4) and (2.5)] splits
into vg; @ + vuO @@ and we only linearize the flrst of these two nonlinear terms in (2.13) and
(2. 14) ThIS is the motivation for introducing the (z; ™) coordinates in (2.9). The S-MUSE

model is:

dv. if 1, i 1R(F 1)
— = i Ve i I 2.59
dz up Y () (2.59)
- i1, if. 1 _
- _ : Vo i D0k 4 i 1Al (2.60)
iz~ 'Rl U
dE- if-1 Y
J— = 1 E‘ + — 2.61
dz ! Up To ( )
dw- it 1oeK(f-1y) e
o= I+ R(f-1,)E.
dz MeUo¥on (T 10) MeUg (f-1o)
1 .
i > it 1ov¥m¥n (2.62)
0 meo;ne0
fm-+fn=F.
. 1
d& _ If Qe%ooK(f ()) kg e%UOZR(f‘!O)E- ; if.1 ()%0()V
e N3 i 1oR (Fn 10)
i 2 rm%ﬂn
MeUp Me=0;n&=0 Yph (fnYo)
fm+fn=F.
e
i R(fm19)Em
1 meué _— ( m O) m/®n
fm+fn=F.
y < if.1 X
+0L(3) I'l:n!ovm\"‘n i ! 20 Vm%ﬂn
Uo ME=0;n6=0 us Me=0;n6=0
fm+fn=F. fm+fn=F.

(2.63)
where M = “« M:“ & 0.
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2.2.3.2 \Vector form

The S-MUSE model (2.59){(2.63) may be written in the following vector form that is
particularly useful for analysis

X = AX+ H(X;Xx) (2.64)

where X is a 5(2M) dimensional complex vector, A is a 5(2M) £ 5(2M) complex matrix, H
isa 5(2M) £5(2M) £ 5(2M) complex 3-tensor, and overdot represents d%

For elements x:;, A, and H:;m;n, the subscripts (*; m;n) run from § M to M excluding
zero, and the subsubscripts (i; j; k) run from 1 to 5. The subscript “ indexes frequencies in
the set ff-g. We index x with double subscripts such that X = [X;m :::X;1X1:: :Xm]T and
Xe = [Xe, Xe,Xe X, Xe T = [V [ Eeove ] T,

The matrix A contains the linear parts of (2.59){(2.63). It is block diagonal with entry
A: - A... The entries A.; of the block diagonal element A- are

if.1

Ay = ilf = (2.65)
Uo
if-1,R(f 1)

A, = j——— —= 2.66

12 1 Vph(f‘!o) ( )
if. 1

A, = j— Tt (2.67)
R(F-Yo)¥pn(f-1o)
if.1

A, = il (2.68)
Uo

A, = if.1,A (2.69)

if.1

A, = it (2.70)

Uo

A, = + (2.71)
fo
if !oeK(f‘ !o)

A, = 2.72
MeUo¥pn(T: 1o) (2.72)
eR(f-1yp)

. = 273)
if. !oe%uoK(f‘ !0)
A = i 2.74
o R (F- 1
A, = joeR(l) (2.75)
MeU3
if.1
A, = i'fl;;%"": (2.76)
0

Entries A.; not listed above are zero.
The 3-tensor entries H:;m;n, for (*;m;n) are
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Case 1 If “;m;n are such that f- = f, + f,, then

if,!
H‘4m4n4 = i nz 0 (277)
ug
H. = 2.78
smzns 1 meu% Vph(fm !0) ( )
. eR(f !0)
H‘5m3n5 = 1 Tra(z) (279)
oo .
Hemane = —sifnlo (2.80)
Uo
if.!
Homs = 01— (2.81)
ug
Entries for (i; J; k) not listed are zero.
Case 2 If “;m;n are such that f- & f, + f,, then
Heimjne = 0 (2.82)
for all (i; j; k).
For the ‘™ component of x we have
X
X = AX+ H<nn(Xm; Xn) (2.83)
fmfn=t.
where the it" component of the quadratic term is
O 1
> X XX
5 H‘mn(xm;xn)g = H- i mj n Xm; Xn, - (2.84)
fmfn=t. : fomtmatn 11 K71

2.3 Numerical example

In this section we consider a numerical example comparing the models amongst them-
selves and Christine 1-d. First we look at circuit power as a function of axial distance.
We use LATTE as a benchmark and present deviations in dB of the other models from
LATTE. For the simulations we also check the constant of the motion (2.55) and compare
the terms making up the constant of the motion. For the case of one drive frequency we
consider the question of electron overtaking and its correlation to the deviation of MUSE
from LATTE. Lastly, we discuss practical issues concerning the choice of frequencies for a
simulation comparison with Christine 1-d.
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For our numerical study we simulate one constant pitch section of the 8537H TWT with
no sever or circuit loss. The parameters for the 8537H are taken from [2] and are shown in
Table 2.1. For the frequency dependent parameters v, (f-1o); K(f-15); and R(f-1,) we use
the outputs of Christine 1-d’s tape helix model and space charge reduction factor calculation.
These parameter values ensure that MUSE, LATTE, and S-MUSE use the same dispersion
parameters as Christine 1-d.

The set of frequencies includes two drive frequencies, the second order products, and the
third order intermodulation (3IM) frequencies 2f; j T, and 2f, j f;. Table 2.2 lists the
frequencies and dispersion parameters.

The calculations are done using a flxed step 4™ order Runge-Kutta integrator.

Table 2.1 8537H Parameters (Constant Pitch Section)

Parameter Model Value
Helix mean radius 0.2353 cm
Helix wire width 0.0305 cm
Pitch 0.13 cm
Cathode voltage i3.1kV
Beam current 65.5 mA

Min. beam radius 0.0962 cm

BN (f; = 5:4) support rods 1.21
smeared permittivity

2.3.1 Circuit power versus axial position

In Fig. 2.1 we plot axial power of the drive, harmonic, and 3IM frequencies for the MUSE
model and LATTE. The models agree extremely well for a majority of the TWT length, but
there is disagreement between the models at saturation. For a quantitative comparison of
all of the models we plot dB difierence of the models from LATTE. Figures 2.2{2.4 show the
dB difierence from LATTE for the drive frequencies, harmonics and sum frequency, and the
3IMs respectively. For each model, the frequency pair having the largest maximum deviation
is represented in the flgure.

For small z values Figs. 2.3 and 2.4 exhibit large uctuations in the dB difierence from
LATTE for the harmonics and 3IMs respectively. However, the numbers being compared
are very small and are below the numerical noise oor of the computations. The difierences
between the harmonics converge before the difierences between the 3IMs since the harmonics
need to rise above the numerical noise oor before the 3IMs may rise above the numerical
noise oor. For z = 5cm steady state difierences are achieved in both flgures.

Inspection of Figs. 2.2{2.4 conflrms that the agreement between LATTE and MUSE
is very good prior to the onset of saturation (roughly z « 35cm). Up to z = 30cm the
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Table 2.2 Simulation Frequencies and Dispersion Parameters

f (GHz) K (3) ¥pn (£E10'm=s) R
0:001 365:40 3:2845 0:00100
1:599 225:13 2:9983 0:04529
1:600 224:98 2:9980 0:04535

1:601  224:82 2:9977 0:04540
1:602  224:67 2:9974 0:04545
3:200 42:68 2:6460 0:14945
3:201 42:62 2:6459 0:14952
3:202 42:57 2:6458 0:14959

discrepancy is less than 0:1dB. The constant level of the nonlinear products conflrms that
growth rates of LATTE, MUSE and S-MUSE are the same, even though we see that S-MUSE
is less accurate than MUSE, especially for the higher order nonlinear products.

Finally we see the difierence between LATTE and Christine 1-d is < 2dB, =« 3dB, and
=« 5dB in the drives, harmonics, and 31Ms respectively for z « 35cm. One sees from Fig. 2.2
that the linear growth rates of the drive frequencies are very slightly difierent for the two
models, which results in a disagreement of predicted power between the models which grows
with axial distance. The difierence in gain predicted by the two models is about 1:5dB out of
72dB. The difierences in the nonlinear products are likely due to the nonlinear ampliflcation
of the difierences in the drive frequencies.

Since Christine 1-d has been validated experimentally [2], the disagreement between
LATTE and Christine 1-d raises the question of experimental validation of LATTE and
MUSE. To address this question we studied the sensitivity of the output power on certain
input parameters. For the present case we found that less than a 1% change in beam
voltage can produce a 1dB difierence in output power, and a 10% change in \smeared"
relative dielectric constant can produce more than a 2 dB difierence in output power. In
[2] beam voltage and relative dielectric constant were changed by more than 8% from their
experimental values. Therefore, we observe that the input parameters to our models could
be changed within the same bounds used in [2] to match Christine 1-d results.

2.3.2 Constant of the motion

The total energy density (2.55) is a constant of the motion for MUSE and LATTE when
circuit parameters are independent of axial distance. This is conflrmed in Fig. 2.5 which
also shows the energy density for S-MUSE. Since S-MUSE is an approximation to MUSE
one would not expect (2.55) to be a constant of the motion. However, as seen in Fig. 2.5,
S-MUSE predicts the value to be constant until z = 30 cm.
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Having a constant of the motion can be a useful aid in an investigation of the physics in
a model. For example, while LATTE and MUSE predict the constant of the motion, MUSE
does not exhibit a saturation (see Fig. 2.1.) This suggests that the partitioning of the energy
density is not consistent between the models. In Fig. 2.6 we see that the energy density in
the circuit quantities of MUSE continues to rise where that of LATTE saturates. We also
see that the beam Kkinetic energy density continues to decrease in MUSE where in LATTE
it reaches a minimum and starts to increase. Additionally there is a difierence in the energy
density in the space charge fleld not shown in Fig. 2.6. Thus the energy density terms from
the constant of the motion reveal another view of the deviation of the models. Furthermore,
the constant of the motion provides a means of checking the error in numerical calculations.

2.3.3 Electron overtaking

Nordsieck’s Lagrangian formulation was motivated by the fact that \electrons overtake
one another at or even considerably before the point along the tube where the limiting
power level is obtained,"[56] in which case Eulerian functions become multi-valued. However,
Paschke wanted to \dispel the widespread belief that, because of overtaking, the hydrody-
namic model must break down at large levels™ [59] with nonlinear Eulerian treatments of
electron beams.® Since LATTE and MUSE come from the same \hydrodynamic" equations,
they are ideally suited to consider overtaking and its role in the deviation of MUSE from
LATTE.

The Jacobian of the transformation from Lagrangian to Eulerian coordinates is [equation
(2.34)]

J = @T:
0
If J > 0 for all 7 at some z, then the electron beam, while perhaps bunched, retains the
same \disk ordering™ (in time) it had at z = 0. On the other hand if for some (z; o) we
have J < 0, then some disks in the beam have exchanged positions. The z at which electron
overtaking occurs is such that J = 0 for exactly one value of 4. Beyond this z value J(z; o)
has exactly two zeroes in ~ (for simple overtaking). While overtaking can be observed on
a disk trajectory plot such as Fig. 2.7, it may not be possible to establish the exact axial
position at which overtaking flrst occurs. Computing J such as in Fig. 2.8 one can precisely
determine the exact axial position where the overtaking starts.

To study if there is a correlation between electron overtaking and the deviation of MUSE
from LATTE, we consider a simulation of one drive tone at f = 1:6 GHz with the drive
level such that saturation occurs at z = 39:5 cm. Detailed inspection of Fig. 2.8 reveals that
J = 0 for one value of 7 at z = 36:43 cm. Detailed study of Fig. 2.9, which shows a close-up

5The view taken here is that the Eulerian and Lagrangian models are both \hydrodynamic," i.e., they
describe the electron beam as a uid. However, the functions in Lagrangian coordinates allow for the uid
to \fold" over on itself. Only when one seeks approximate numerical solutions to the Lagrangian equations
does one get a \disk" model.
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of the point at which MUSE and LATTE deviate, reveals the position of the deviation to
be roughly z = 36:3 cm. Therefore, it seems that the deviation of MUSE and LATTE is
correlated to electron overtaking.

It is also interesting that the Eulerian model of Datta et al. [20] exhibits saturation for
the cases they consider. The discrepancies between the Datta model and MUSE will be a
subject of future investigation. Future studies will also attempt to use recent developments in
numerical analysis for computing multi-valued solutions of Eulerian functions [53] to enable
MUSE to simulate charge overtaking.

2.3.4 Choosing simulation frequencies

Our implementations of MUSE, S-MUSE, and LATTE allow the user to choose any fre-
guency that is an integer multiple of the base frequency. Alternatively, there are two methods
of choosing simulation frequencies in the Christine 1-d code. First, one can have the code
create an array of frequencies between specifled minimum and maximum frequencies spaced
by the base frequency. This method alone however would make it impractical to include
harmonics of closely spaced drive tones since all frequencies between the drive and the har-
monic frequencies that are spaced by the difierence frequency would be included. Therefore
the Christine 1-d code provides an integer n which allows the user to specify an array for
frequencies close to the drive frequencies only, and creates n \harmonic windows" which
are frequency arrays containing harmonics of the specifled frequency array. The frequencies
generated by the use of the harmonic window function may include additional frequencies
that are not exactly harmonics of the specifled array.

The implications of Christine 1-d’s frequency selection method meant that in our Chris-
tine 1-d simulations we did not include the difierence frequency f = 1:0 MHz. Also, due to
the use of the harmonic window function we did include a tone at ¥ = 3:203 GHz. First we
discuss the efiect of the difierence frequency, then the tone at f = 3:203 GHz which is not a
nonlinear product of the drive frequencies.

Because of the frequency convolutions in the MUSE model, to predict the evolution of a
particular frequency, in principal all frequency pairs adding to the particular frequency need
to be accounted for. However, in practice only the dominant contributors are considered.
For this example we included the difierence frequency f = 1:0 MHz since it had a 0:5dB
efiect on the level of the 3IM in the MUSE simulation.

To estimate the efiect of leaving the difierence frequency out of the Christine 1-d simula-
tion we ran LATTE simulations including and excluding ¥ = 1:0 MHz. For these simulations
we observed that the level of the 3IM depends only slightly on the inclusion of the difierence
frequency (< 0:05dB). Hence, we conclude similar behavior is likely in Christine 1-d. We do
not show results for the 1:0 MHz signal since it is so far out of the bandwidth of the TWT.

For f = 3:203 GHz we ran LATTE simulations including and excluding this frequency
and found that the efiect of including ¥ = 3:203 GHz is negligible (< 0:02dB difierence in
3IMs, less in other tones.) Furthermore, preliminary analytic results from S-MUSE indicate
that amplitudes of intermodulation frequencies are determined primarily by the amplitudes



30

of frequencies mixing to make the product. Therefore, since f = 3:203 GHz is not related to
the drives or intermodulation frequencies we expect that it will not have a signiflcant efiect.
For the difierence frequency we saw that even though it is a nonlinear product related to the
3IM, it had a small efiect on the 3IM in LATTE. An unrelated frequency can be expected
to have an even smaller efiect.

In sum, we conclude that even though f = 1:0 MHz was excluded and f = 3:203 GHz
was included in the Christine 1-d simulations, it is still appropriate to compare these results
to those of MUSE and LATTE.

Finally, we discuss getting dispersion data for f = 1.0 MHz since Christine 1-d did
not simulate f = 1:0 MHz and hence did not generate dispersion data for it. The circuit
dispersion parameters at f = 1.0 MHz were calculated with an independent tape helix solver
and the space charge reduction factor is an estimate based on the values for other frequencies.
However, based on MUSE simulations the prediction of the difierence frequency does not
seem to depend on the dispersion parameters at f = 1.0 MHz. This is consistent with
preliminary analytic results from S-MUSE which suggest that when a nonlinear product
frequency lies out of the linear gain-bandwidth its amplitude and growth rate are primarily
determined by the drive frequencies which mix to produce it.

2.4 Discussion

2.4.1 Nonlinearities

The nonlinearities of the MUSE model are difierent than the nonlinearities of LATTE.
The MUSE model has quadratic nonlinearities that arise from the quadratic nonlinearities
of the Eulerian electron beam equations. In contrast, LATTE has quadratic nonlinearities,
% nonlinearities, and complex exponential nonlinearities. As the MUSE predictions agree
with LATTE for a majority of the tube length, one can argue that the nonlinear behavior
in this region can be described by quadratic nonlinearities. As discussed in Chapter 3, the
quadratic nonlinearity is easier to study analytically than the nonlinearities in LATTE.

A quadratic nonlinearity in the time domain becomes a convolution in the frequency
domain, as seen in the MUSE model (2.18){(2.22). This allows one to observe the origin
of harmonic and intermodulation frequencies based on the nonlinear combinations of beam
velocity and density. As a brief demonstration of the physical insight to be gained from
this fact, we consider alternately linearizing v and % in the derivation of the MUSE model
from (2.1){(2.5). We use the equations resulting from the \partial linearizations" to examine
whether nonlinearities involving v or nonlinearities involving % in (2.4) and (2.5) play a larger
role in producing distortions.

In both partial linearizations since (2.1){(2.3) are linear (2.18){(2.20) are reproduced. If

we linearize v in (2.4) and (2.5), make the coordinate transformation (2.9), and compute
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Fourier coe—cients we get instead of (2.21) and (2.22)

dv- _  if1eR(f1y) e

— = -+ R(f-1,)E- 2.85
dz MeVon (< To)Uo . Melo (f-1o) ( )
i 1 X dv, ifaly
—_— = ] — Yo L — . 2.
dz ' U oz Uo v (2.86)
fm+fnh=~F-
Notice that 22 & 0.
Similarly linearizing % reproduces (2.21) and from (2.5) one gets
=< di; . 1 X<
N de—zn = if Ik j . if ¥ o¥mbn
fm+fn=Ff. . fm+fn=F-
dv. if1l, 7
iho ™ d (2.87)

In (2.87) it is understood that 42 = 0.

Figure 2.10 shows the result of integrating the MUSE model (2.18){(2.22), the v-linearized
equations (2.18){(2.20), (2.85), (2.86), and the %-linearized equations (2.18){(2.21), (2.87)
in the 8537H constant pitch section for a drive frequency of ¥ = 1:6 GHz. Linearizing the
velocity reduces the level of the circuit harmonic more than linearizing the density. Therefore,
the velocity has a larger role in producing the harmonic. This observation appears to be
valid for many cases.

2.4.2 Dimension scaling of LATTE and MUSE

The computation time of systems of ODEs such as LATTE, MUSE, and Christine 1-
d depends on the number of state variables in the simulation, i.e., the dimension of the
model. (The dimension of the model is equal to the number of coupled ODEs in the system,
and hence equal to the number of derivatives that must be calculated at each step of the
integration.) The dimension of the MUSE model depends only on the number of frequencies;
however, the set of frequencies in a simulation must be chosen with care to assure that all
nonlinear product frequencies are accounted for correctly. In a disk model the majority of
the dimensions are those accounting for the disks. The number of disks depends on several
factors which we will discuss below. To simplify the discussion we consider the dimensions
of MUSE and LATTE, noting that other disk models will have similar behavior to LATTE.

LATTE has six complex dimensions per simulation frequency plus 2N real dimensions for
the disks. MUSE has ten complex dimensions per simulation frequency plus flve dimensions
for the DC quantities.

To compare dimensions of LATTE to MUSE one needs a formula for the number of disks
based on simulation parameters. An estimate for computing the number of disks is given in
the Christine 1-d documentation [4]. Depending on simulation parameters, the number of
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disks may need to be increased to obtain convergence of results. We provide a version of this
formula applicable to LATTE here. If Npaee is @ \base” number of disks, N¢ the number of
tones in the simulation, and Ny is the number of harmonics present, then a starting point
for the number of disks N in a simulation is given by

N = 1:5NpaeN¢Ny: (2.88)

It is suggested that Ny, initially be chosen near 19 and that the choice of Npae always be
a prime number.

To understand the dimensional dependence on frequency of MUSE, one needs to account
for the fact that to simulate a nonlinear product frequency, one may be required to simulate
frequencies one is not directly interested in. For example, due to the frequency convolutions
in the MUSE maodel, to simulate 31IMs one needs to track all pairs that sum to these frequen-
cies. Thus to simulate the 3IMs 2f; § T, and 2f, § T, one needs to account for 2f; 2F,;F i T
and T, j f; in addition to the drive frequencies.

For the example presented we have

Npase = 19
N¢g = 8
Ng = 2
N = 456:

Thus the dimension of LATTE is 960 (912 real, 48 complex). For MUSE we have 85 complex
dimensions.

As an example of using MUSE in cases with many frequencies we include results of
a simulation modeled after the noise power ratio simulations in [68], but using the lossless,
constant pitch TWT parameters from Section 2.3. The input spectrum consists of 101 evenly
spaced frequencies (0:4 MHz spacing) with a 3 MHz notch at the center. The total number
of frequencies when accounting for all sum and difierence frequencies is 402. The nonzero
input amplitudes are assigned randomly between j20 dBm and 30 dBm. The input and
output spectra are shown in Fig. 2.11. Not shown in Fig. 2.11 is the spectrum at the sum
and difierence frequencies. Because the TWT simulation parameters did not include circuit
loss or a sever, the output was taken at z = 26cm. The simulation ran for 5 hours and 40
minutes on a 1.3 GHz Gnu/Linux PC. As yet there has been no attempt to optimize the
speed of the code.

2.4.3 Relation to method of collective variables

In this section we compare MUSE to a collective variable model, and we outline a method
for developing a MUSE type model for free electron lasers (FELS). Since the TWT may be
described by the same \nonlinear pendulum™ equations as the FEL, e.g. [80], we propose
that the prescription would result in a useful multifrequency analysis and simulation tool for
FELs.
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Figure 2.11 Input (a) and output (b) spectra of a simulation with 402 frequencies.
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The majority of the initial collective variable work was done for single frequency exci-
tations, where \In the presence of multiple frequencies, it is extremely di—cult to obtain
a description of FEL dynamics in terms of a reduced set of equations involving collec-
tive variables™ [9]. With some simpliflcations and normalizations the MUSE model can
be transformed into such a multifrequency collective variable model, applicable at least in
the exponential growth region and potentially into the oscillation region.

The method of collective variables [10] involves flrst deflning the \bunching parameter,"
the flrst collective variable, as the complex exponential average over particle phases, then
difierentiating the deflnition which results in an equation containing a higher \moment.” One
deflnes this higher moment as the next collective variable and difierentiates this deflnition to
get an equation which contains the next higher moment. At this point a relation is employed
to \close" the system of equations.

In contrast, the MUSE model recognizes the flrst collective variable as the Fourier coef-
flcient of the electron beam charge density, and deflnes a \second collective variable™ as the
Fourier coe—cient of the electron beam velocity. To get a multifrequency \collective variable
model™ using the MUSE theory one does a derivation similar to Section 2.2. In particular,
one uses the Eulerian electron beam equations, neglecting space charge, and a wave equation
for only a forward wave. The result is a system that closely resembles (after normalization)
a multifrequency collective variable model that does not need to be \closed."

Using the change of variable equations from Eulerian to Lagrangian coordinates one
finds that the second collective variable of [10] is related to beam current. Thus, by taking
moments the collective variable method misses having a collective variable for electron beam
velocity. This is the primary difierence between the approach of [10] and the MUSE approach.
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Chapter 3

Analysis of S-MUSE

3.1 Introduction

Much of the work presented in Chapters 4{6 is based on the analysis of the S-MUSE
model. The S-MUSE model has a formal analytic solution which allows many insights not
obtainable from models which must be numerically solved. For example, analysis of the
solution structure of S-MUSE has led to a simple formula for the exponential growth rates
of the intermodulation frequencies, a new view of the mechanisms behind nonlinear phase
distortion, and a new view of the mechanisms of signal injection for spectrum shaping.

In this chapter we prove that a series solution to the S-MUSE model exists and give
a criterion for when the series converges. We also provide the formal analytic solution to
the model. Next, we derive formulas which give the vector coe—cients of the various modes
of the solution. This is particularly important since many of the modes do not contribute
substantially to the solution, and using the formulas we can choose and study only the
important modes.

3.2 Series solution to S-MUSE

We propose a series solution to the nonlinear equation [see equation (2.64)]

X = AX + H(X; X) z 2 [0;L]; x(0) =w: 3.1)
Writ
rite X as x
x=  x® (3.2)
fi=1

where superscript (fi) is an index not an exponent. This leads to the following difierential
equations for x(M

xP = Ax®  xDO)=w (3.3)

(fi) (fi) X M. (i

xM = Ax®™ +  H x®:x@ i) (3.4)
fl=1

xMO)y=0 fi=234;::::
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First we show that the series Pﬁ x™ converges uniformly to x, then we will check that the
series solves (3.1). When combinations of fi;fl appear superscripted without parentheses
they are to be taken as powers.

We attempt to find a summalyds bound on the jx(™j so that we may conclude by the
Weierstrass test [51, pg. 230] that . x(™(z) converges uniformly to x(z) on [0; L]. To show
convergence we use an inductive argument. We propose a bound for jx™j

x™j - % pliiiz | giiAijz : 1¢f'i1 (3.5)
where jj ¢ jj represents a norm on a matrix or a tensor induced by the vector norm j¢j (see
Appendix C). Notice L

xWj = eliAZjyyj: (3.6)

Then using the induction hypothesis estimate for fi , 2

1 1) - - - % - - i -
x®j = JiAjiX® +jiH x®jix @0 (3.7)
fl=1
- i) IR e gy Tamie 5 102, (38)
JNAj
We use the integrating factor e iliAZ to integrate with x(M(0) =0
Z z
£ . ) -
ix®™j jjAjjjx(f')j/ei”A”é d¢
0
) 4
i 'f|"H"f|i1 z ) N . ¢.i
% (fi § 1)eliAii | aiiAiie i1 fliz 4 i (3.9)
0
which gives
) iwifiiiHgifisl . 7 Cs: -
i (Fi): JwjtjjH)j iAaiiz Vjiajiz - fiil,
XM —— 8 e il : (3.10)
JiAjtt
Thus for values of z such that
ij”%'e”’*“z il <1 (3.11)

the series converges uniformly to x.
Next we check that the sum solves the original equation. Using equations (3.8) and (3.10)
one gets

| e —
px®j = jjAjjjx“"j+%e2’“\“2(ﬁ it @1
MATHI e T § 17192 P 1 (3.13)

jiAjj2
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The above bound is a corvergen sequencevhen (3.11) holds so P o X®(z) corvergesuni-
formly to x(z). Thereforedueto a theoremfrom analysis[51, pg. 241]we may di®ereniate
the in"nite supgterm by term.

First note  ,x®(0) = w, then consider

X
X = x(® (3.14)
®=1
b3 R’ oxt oo ~.¢
= A x@+ H xO);x@® ) (3.15)
®=1 ®=2 ~
s i N (
= AXx + H x@®;x0) (3.16)
®=1 "=1
= AXx + H(x;X): (3.17)

We may rearrangethe in nite sumsabove since we have absolute corvergenceat eah z 2
[0;L] [51, pg. 226]. Therefore(3.2) solves(3.1) wherethe di®erenial equationsfor the terms
of (3.2) are given by (3.3) and (3.4).

3.2.1 Practical computation of (3.11)

For the vector form of the S-MUSE equations (2.64), jjAjj is of the order of 2 » 10
sincejjAjj is of the order of the largestertry of A. Thereforeby (3.11) the valuesof z for
which onegetscorvergenceof the seriesare much smallerthan thoseof practical interest. To
improve on the rangeof z valuesfor which onegetscorvergencewe considera diagonalization
of (2.64)1

Let P be the modal matrix of A and considerthe transformation

y = Px: (3.18)
Equation (2.64) in y coordinatesis
y = Ay +H(y;y) y(0)=w: (3.19)

P
If the seriessolution  ,y(® is corvergert on someinterval 0< z < L, then since
( 2 )
y® = p x (®) (3.20)

®=1 ®=1

P
we have ,x(® corvergert on the sameinterval.

lLemma5.6.100f [47, pg. 297]ensuresthat the magnitude of the largest eigervalue of A is a lower bound
on matrix normsonA.



