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Transform Inversion by Partial Fractions

Suppose that
H(z) = B(z) _bo+biz '+ +bgz®
Al lt+azl+etapz P’
We first point out that the denominator has exagthpots. Consider the polynomial

q<p.

=(2) :=1+az+---+apz’.

Since=(1/z) = A(z), we see tha#\(z) = 0 if and only if=(1/z) = 0. Since= is a polynomial of degree
p, it has exactlyp roots, sayéy,...,&p. Furthermore, sinc&(0) = 1, none of thefy is zero. Hence,
the proots ofA(z) areay :=1/&1,...,ap:=1/¢p.

We now show that if the denominator roatg are distinct, then

p Cy
2=y ———.
) k; 1-agzt
Suppose that such a formula fid(z) exists. Write it as

B(Z) _ Z Ck
Me(l-azl) G l-oz?

Multiply both sides by 1- a;z 1 to get

B(2) _C4 C(l—aiz b
ﬂk;e.(l ozl ; 1 az 1l

In this expression, now set= q; to get

B(ai)

=GC. Q)
Mesi(1—a/a)
Example. Find the partial fraction expansion of
1
HE) =T 7711

Solution. Writing
1-72141222 =732 -724+12) =7 %(z— 3)(z— 4),

we see that thpoles (roots of the denominator) am= 3 andz = 4. Write
1 ? ?
(1-3z1)(1-4z1) 1-3z1 i
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The first missing numerator is

1 1 3
1-4z1,_, 1-4/3
and the second missing numerator is
1 1
1-3z1,., 1-3/4
Hence,
1 -3 4

(1—3z0)(1—4z D) 1-371 1-4z 1
In many cases, the degreesAgl) andB(z) are the same. In this case, observe that

Bz [B@)-2AQD)]+2AR

A(2) A(z)
[{bpz*p+ - Z_Z{apzfp_k .. }} + Z_EA(Z)
B A
B(z) by
A@) " ap’

whereB(z) = B(z) — Z—ZA(Z) is a polynomial of degreg < p.
Example. Find the partial fraction expansion of

271 72
1-5z14+622
Solution. Write
2z1-z2  2z'-7%+(1/6)(1-521+62%) 1
1-5z14+6z22 1-5z1+622 6
22— 7%+(1/6) - (5/6)z 1 +72 1
B 1-5z14+622 6

(7/6)z 1+ (1/6) 1
1-5z2116z2 6
—-3/2 53 1

1 27171371 &
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Problemsfor HW #9

1. Find the partial fraction expansion of

6z 1
1-6z1+11z2-623
Answer (numerators): 3, —12, 9.

2. Find the partial fraction expansion of

2+z71
1-12714352°

Answer (numerators): 15/2, —11/2.
3. Find the partial fraction expansion of

(17/6)z1 - (1/6)
1-5z1+6z2 "

Answer (numerators): —5/2, 7/3.
4. Find the partial fraction expansion of

4-23z 1470772
1-127z143522

Answer (numerators): —11/2, 15/2.
5. Find the partial fraction expansion of

z?%(1+zY)
1-6z14+11z2-62%

Answer (numerators): 1, —3/2, 2/3.

6. MATLAB. Write a MATLAB script that takes as inpat= [1,ay,...,ap] andb = [by, ..., bq] for
g < p and finds the coefficients; in (1). Be sure to print out the root th@f corresponds to.
To find the poles, use the MLAB functionr oot s. To evaluate polynomials from knowledge
of their coefficients, use the MLAB functionpol yval . To this end, the MTLAB function
f1iplr will also be helpful. To evaluate products, theaM.AB functionpr od can be used.
We also mention that the MLAB functionr at or the command or mat r at may be useful
to express answers as fractiofigst your script on each of the preceding problems.

7. Letm(t) be a message signal of bandwidth In a double-sideband suppressed-carrier (DSB-
SC) system, the messawt) is used to modulate a sinusoidal carrier, say 2a$ot ), to gener-
ate the waveform(t) := m(t) cog 2mfot), which is transmitted to a receiver. At the receiver, the
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waveformx(t) is multiplied by co$2rtfgt) to producey(t) := x(t) cog2mfot).
(a) The modulation property of Fourier transforms saysitheit) = m(t) cog2rmfot), then
X(f) = M(f — fo) + M(f + fo)].

If m(t) = 2fcsing2fct), andfg > f¢, sketchX(f).
(b) If y(t) = x(t) coq2mfot), sketchY (f) usingX(f) from part (a).

(c) Among the signalm(t), x(t), andy(t), y(t) has the highest bandwidth. What is the Nyquist
rate for alias-free sampling gft)?

8. MATLAB. It should be clear from the preceding problem thay(if) is applied to an ideal
lowpass filter (LPF) of gain 2 and bandwidth anything betwéeand 2y — fc, then the LPF
output is exactly the message wavefantt). This observation holds for any message waveform
of bandwidth at mosf.. In this problem you will do the lowpass filtering with a diste-time
system.

¢ Let the message bandwidth be approximatlyand let the observation time window be
0<t<T, whereT := 10/f.. To make the carrier frequency greater than the message
bandwidth, takefy := 10f.. In this problem, all signals are time limited, and so thaalg
are not bandlimited. But they are approximately bandlimit&d, for the sampling rate
fsamp Use 12 times the Nyquist-rate formula of the preceding problem.

o Letm(t) = 2fcsing2fc[t — T/2]), x(t) = m(t) cog2mfot), andy(t) = x(t) cog2mfot), all
for0<t<T.

e Plotm(t), [M(f)], x(t), and|X(f)|. These are continuous-time Fourier transforms, but you
can approximate them with the DTFT of the samples. For tloig,ipay uselt f t f f t with
m(t) andx(t) sampled at the same sampling times usegfor Be sure the horizontal and
vertical axes are properly scaled for CTFTs.

e Design a discrete-time LPF using the bilinear transforomabf a Butterworth filter. If
H(f) denotes the DTFT of the filter, plot 201ggH ( fsampf )| as a function offsampf for
|f| <1/2. Also design a discrete-time LPF by applying a Kaiser windo an ideal LPF
with generalized linear phase (GLP). Plot its frequencpoese too.

e Apply samples of/(t) from 0<t < T to the IIR LPF and plot the resulting output samples;
on the same graph also plot the originalt) for 0 <t < T. Repeat for the FIR filter.



