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on the segment E = [1/(2AVA + 1),1/(2YA)], where A > 16.
Then

AVA

5

Proof: Since f"(X) < 0 on the segment E, then the func-

tion f(X) is a concave one and it reaches its minimum value on
the borders of E

min f(X) =

1 - A /(AAVA +2) AVA
f(zAJK+1)_ T+ - 5
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Lemma 5: The assertion of the theorem holds for a 2-dimen-
sional case.

Proof: Assume the same initial conditions ¢, and §, as in
Lemma 2 with e sufficiently small. Then, Lemma 2 implies that
we € W(T, A) for some I' = ¢ and A = A. Note that if w, €
W(T, A) then from condition i) we obtain the following bounds
for oi/ @iy = e/ ek

IO S
WA T el T WA
Therefore
o 2AVA -1
<Pll—1 = WA (16)
and
o - 2AVA +1 an
Pro1 YA

Lemma 1 states that if w, € W(T, A) then the only way for
Wi to leave the set W(I', A) is to violate condition i). From
(16) we derive that QAVA — 1)/(2yA) > 15 for the considered
values of A. Thus, we conclude that for any e there will be a
time T such that wy & W(T, A). On the other hand, the esti-
mate given in (17) implies that 7 — = as e — 0. This estimate
implies that the conditions of Lemma 3 hold for ¢,_,. Applying
subsequently Lemmas 3 and 4 we obtain the proposition of the
lemma. a

We have proved the theorem for the 2-dimensional case.
Other dimensions may be considered in the same way. Indeed, if

we choose
8= =56 =0

= = ol =0,

then all vectors ¢, and 8, belong to 2-dimensional linear sub-
spaces of R" and the results for the case N = 2 may be used. O
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Parameter Drift Instability in Disturbance-Free
Adaptive Systems

Dale A. Lawrence, William A. Sethares, and Wei Ren

Abstract— Adaptive identification and control algorithms can exhibit
local instability when certain ideal assumptions, such as satisfaction of
SPR conditions, are violated. However, recent conjectures suggest that
due to a “self-stabilization” mechanism, global boundedness may still
hold despite local instabilities. We present counterexamples to these
conjectures, showing that self stabilization is bypassed via “hidden”
unbounded parameter drift. Although parameter drift instability is
known to occur in adaptive systems with disturbances, concrete exam-
ples are given to show that unbounded drift can also occur in the
disturbance-free case when SPR conditions are violated.

1. INTRODUCTION

Under ideal conditions, adaptive systems have good asymp-
totic properties, e.g., Lyapunov stability [1], [2], hyperstability [3],
[4], and uniform exponential stability [S], [6]. This implies good
system performance in the sense that parameter estimates are
bounded and prediction errors converge to zero in the absence
of disturbances. These ideal conditions constitute two classes of
assumptions.

In the first class there are “structural” assumptions, in which
the form of the unknown plant (the system to be identified,
matched, or controlled) is presumed to exactly match the form
of the adjustable model. Under structural matching assumptions
in a deterministic analysis, there are no unmodeled dynamics,
there are no unaccounted for nonlinearities, and there are no
disturbances such as measurement errors or roundoff errors. In
short, it is assumed the model has the capability of exactly
matching the dynamics of the unknown part of the system.

In the second class there are “algorithmic” assumptions that
relate the algorithm operational environment to the internal
features of the adaptive system. Resulting conditions involve
designer-selected coefficients (e.g., step sizes, error filters, etc.),
conditions on parts of the unknown system (e.g., strictly positive
real (SPR) assumptions), and conditions on the adaptive system
signals (e.g., persistent excitation, persistent power).

Nonideal situations where “structural” assumptions are vio-
lated (persistent disturbances are present) have been treated by
exploiting the properties of strong (i.e., uniform exponential)
internal stability. If the internal stability can be made strong
enough (large enough exponential convergence rate) relative to
the disturbance, overall stability can be retained [5], [6]. Unfor-
tunately, some ideal “algorithmic” assumptions, €.g., persistent
excitation, are still required. In many applications, these condi-
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tions cannot be satisfied. As shown in the infamous “counterex-
ample to adaptive control” [7], undermodeling disturbances and
improper excitation lead to explosive instability. In other cases,
behavior ranges from recuirent bursts in the prediction error
[8]-[10] to “random” behavior resembling chaos [11], [12].

On the other hand, recent evidence [8], [9], [13]~[17] suggests
that even if ideal conditions for internal stability are absent, a
form of “self stabilization” can occur where overall stability may
be retained. In e.g., [14], [15), SPR conditions are shown to be
unnecessary if a “persistent power” condition on the informa-
tion vector is satisfied. This condition can be temporarily satis-
fied if signals in the information vector undergo bursting, sug-
gesting a self-stabilizing effect [16], [17] which may result in
bounded limit cycle or quasi-periodic behavior in the parameter
estimates. Another heuristic argument [8), [9], [13] is that burst-
ing can cause self-generated excitation, which restabilizes the
algorithm via persistent excitation conditions, in spite of possible
local instability in the neighborhood of a “tuned” parameteriza-
tion. However, it is known [10], [18]~[23] that bounded distur-
bances can “mask” the stabilizing growth of prediction errors,
allowing a slow “drift” of parameters to infinity. This drift, in
turn, allows unbounded bursting behavior and can result in an
unstable adaptive system. Hence, self stabilization does not
always occur in the presence of disturbances.

In this note, unbounded drift is shown to occur in adaptive
systems even without “masking” disturbances, provided SPR
conditions are violated. This parameter drift is unobservable in
the prediction error, hence, the self-stabilization mechanism is
defeated. The conjectures [13], [16], [17] are therefore incorrect
in general. The implication of these results is that parameter drift
instability is not due solely to system disturbances.

As the examples given here suggest, parameter drift to % can
be quite “singular,” and can be classified as a “rare” event in
practical applications. Even so, very large bursting in prediction
errors can be readily observed as a result of drift to moderate
parameter values. A variety of algorithm modifications to pre-
vent parameter drift have already appeared, including parameter
projection, normalization, leakage, and deadzones, (see e.g., [24]
and the references therein). In contrast, the results of this note
contribute to a more complete understanding of the underlying
causes of drift instability,

II. DISTURBANCE-FREE PARAMETER DRIFT

The class of adaptive systems considered are given by the
following error model description

&)
2

€1 = G(q_l)(vk-ﬂ) T Wre = d’krékﬂ
ék+1 =6~ by v
where
€x+1 is the (a posteriori) equation error,
G(g™") is a monic nth-order polynomial in the backward
shift operator g~ !,
Vi1 18 the measured (a posteriori) prediction error,
Wy is the disturbance,
¢y is the information vector (regressor),
6, is the parameter error vector, and
h is the step size.

This type of error model occurs in a variety of adaptive systems.
Two common examples are explicit model reference adaptive

control, e.g., [4], and recursive identification and adaptive filter-
ing, see e.g., [1]. Adaptive algorithms in this class are of the a
Dosteriori- type, which use the latest information available in the
update of the parameter estimdtes, and are generally considered
to have good stability properties [2], [4], [15].

Equations (1) and (2) form a feedback system (the error
model), whose stability properties characterize the adaptive Sys-
tem. See Fig. 1. Disturbances w to the error model are necessary
for parameter drift to occur when 1/G(gq™") is SPR [1]-[4],
[18]-{20]. However, when 1/G(g™") is not SPR, drift can occur
in the absence of disturbances, as shown by the following two
examples.

Example I: Drift of a numerator parameter in the predictor.

Plant: y, = Z7_1a,y, ;.4 + 0u,. .

A priori Predictor: y,,, = X3_,a,9, ;.1 + AT

A posteriori Predictor: 9, ., = L7_ ;9 _;,( + 6, 114y

A Priori prediction error (note no disturbances): T, ; =y, -
Visr

A Posteriori prediction eITOI Vg = Vi1 — Ppure

Parameter estimate update: 6, = 6, + hu, v, /(1 + hu?).

This results in the error system of (1) and (2) with

ber =0 - ék+1 =6 — huv, (3
and
1 . 1
Yprr = m{ekﬂuk} = m{ek+l} 4

where A(g™") = 1 — £}_ 4,97, and e and v are the a posteriori
errors. For simplicity, choose A(g~!) = (g™ + p)° where p~!
= —tan /5. Thus, 1/4(g™") has magnitude m = (p2 + 1)~5/2
and phase — 7 at the frequency w = m/2 rad/s. To construct a
drift example, choose the input u, to cause

€rr1 = ék+1uk = sin (kw/2 + m/4)

(&)

so that when initial conditions are properly chosen, the steady-

state solution is obtained:
Uy = —msin(kw/2 + w/4). 6)

Substituting for #, and v, in the parameter error update (3)
yields

- - hmsin® (kw/2 + w/4) hm
Opr1 = 6, + = =6+ ——. (7
0k+1 20k+1
The two solutions for 0-“1 given 6, are found from
- b 1 /=
9k+1=—2—’5i5]/0k2+2hm. 8)

Taking the positive solution at each k shows that 6 is monotone
increasing if(i7 > 0. Also, from (7) a supposed bound B oné
would imply ;. > 6, + hm/(2B), for all k, contradicting any
bound B. Hence, @ is unbounded. The expression (35) for e,
can then be used to find the required input sequence u. Note
u; = 0, and thus y, — 0. The predictor output §,, , converges
to sin (kw/2 + w/4). AAA
Remarks:

1) The parameter estimates are unbounded in this example,
but tend to « slowly (6, = In(k)), while the prediction error is
bounded. This is a “nonexplosive” form of instability that has
been termed [10], [25] parameter drift.

2) The approach of Example 1 is only used to construct the
drift example, and does not correspond to an implementation of
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Fig. 1. Error model of the class of adaptive algorithms considered.

the adaptive system. For example, a simulation of this example
may be obtained by implementing the plant, a priori predictor,
and the parameter estimate update recursions. Given any initial
parameter error (any , > 0 in this example), compute u_, from
(5), and choose initial conditions on the plant and predictor to
cause v, to equal the steady state solution (6) for £ < 0. Define
a parameter 8* by

o 1 - -
9,f+1=7 + E\/(O,f) + 2hm , 0y =29,. 9
and compute u, using the idea in (5):
sin(kw/2 + w/4
U = —~—( / /9 . (10)

B8
The parameter estimate update then generates 6, such that
6, = 6}, and 6, drifts to o,

3) Note that the construction of the excitation sequence u,
is completely “open loop.” It is not computed based on a
feedback of the current parameter estimate ék, and the entire
sequence can be determined off-line, before the adaptive system
is implemented.

4) The operator 1/G(g™!) in this example is not SPR, and
in fact acts as a simple gain —m under the sinusoidal error
signals of this example. The error system is unstable in the sense
that a bounded excitation signal u, exists which drives the
parameter estimates to «, but the growth of §, observed in the
error (5) is simultaneously “masked” by the decrease in u,, and
the prediction error remains bounded.

5) The prediction error can also become unbounded in
systems where parameter drift occurs. As in [10], a scenario can
be constructed where intervals of parameter drift are alternated
with intervals of persistent excitation. Bursts in the prediction
error occur when large parameter errors are suddenly “ob-
served” on the persistent excitation intervals. Forcing parame-
ters to drift to increasingly large values on the drift intervals
produces increasingly large bursts in the subsequent excitation
intervals, and both v, and 6, are unbounded.

In Example 1, the poles of the predictor were fixed at stable
locations. The conjectures [13], [16], [17] were based on adaptive
systems where predictor poles drift outside the unit circle. The
instability in the predictor was seen to cause additional “self-
generated” excitation, resulting in improved “observation” of
parameter errors (self stabilization). However, it is also possible
to force a pole of the predictor to drift to ® unobserved. Hence,
self stabilization does not always occur.

Example 2: Drift of a denominator parameter in the predictor.

Plant: y, .1 = T3_,8;¥5- 41 + 0y, + buy. R

A priori Predictor: 3, ., = }_,8,5,_1,1 + 0,9 + bu,.

A posteriori Predictor: $y,, = L2_,a,5,_;.1 + 0,415 + bu,.
A Priori prediction error (no disturbances): U, 1 = yi.1 — Frs 1

A

A Posteriori prediction error: v, | = Y.y — Jei1-
Parameter estimate update: 8, , = 0, + k3, /(1 + AP2).
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This results in the error system of (1) and (2) with

1

ék+1 =0- ék+1 = ék = Wi
and

1 . 1
Ye+1 = m{ak+]yk} = m{ekﬂ} (12)

where A(g™')=1—-60g~' — ©J_,a,47%, and e and v are the a
posteriori errors. Choose A(g~!) as in Example 1 and the
predictor output y, to cause

Ces1 = Opp19p = sin(km/2 + m/4) (13)

so that when initial conditions are properly chosen, the steady-
state solution is obtained:
vy = —msin(kw/2 + w/4). (14)
Substituting for y, and wv,,; in the parameter error update
yields
hm

2§k+1.

Ops1 =60 + (15)
As argued for (8), the solution of (15) for # is monotone
increasing and is unbounded if §, > 0. From (13), this implies
that y, — 0. The plant output can be found from y,., = v,
+ $4x,.; Wwhich converges to —msin(kw/2 + w/4). The re-
quired input is given by bu, = A(g~1y,,, which converges to
sin(kw/2 + w/4). As before, specifying initial conditions and
the u sequence yields unique solutions for the system signals,
and 6 drifts to infinity. AAA
Remarks:

6) An implementation of this example proceeds along the
lines of Remark 1, where a recursion on 8* is constructed based
on the initial parameter error , as in (9). The required excita-
tion u, is then computed off-line, without feedback from the
current parameter estimates 6, as follows:

sin (k7/2 + w/4)

5t = (16)
k+1
Yier = —msin(kn/2 + w/4) + §i a7
5
W= b Vis1 — Z“i)’/f—iﬂ — 8y |- (18)
i=2

Using this bounded u,, 8, = 6} for all k, and ék drifts to o,
7) Example 2 is a direct counterexample to the conjecture
of [16], [17]. However, while Example 2 has the same drift
behavior as Example 1, large magnitudes of 6 are unlikely for
Example 2 in simulation or in practice since the predictor itself
becomes unstable. The predictor output $ remains small (or
goes to zero) only if the errors in computing the particular input
u, are vanishingly small. Thus, the analysis holds for infinite
precision calculations only, explaining why unbounded behavior
was not observed in the simulation studies [8], [9], [13], [16], [17].
In this sense, an input x, which causes parameter drift can be
thought of as an “open-loop control” for an unstable system [20].
As long as u, is computed accurately, the instability of the
predictor is not apparent in the prediction error, and the param-
eter estimates continue to drift to infinity.

IV. CONCLUSION

Drift instability can exist when inadequate levels of persistent
excitation are present. Disturbances are necessary to cause drift
when the internal SPR condition is satisfied. This paper has
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demonstrated that drift can also occur without disturbances
when the SPR and persistent excitation conditions are violated.
This unbounded parameter drift can lead to unbounded bursts
in the prediction error, and self stabilization [8}, [13], [16], [17]
does not occur in general.

In Example 1, the drift of 6 does not lead to an unstable
predictor, in the sense that freezing 6 at some large value does
not result in an unstable transfer function for the predictor.
Hence, some small errors in computing the u sequence which
causes drift can be tolerated. This “robustness” of the drift
behavior has been verified by simulation, where errors in simula-
tion initial conditions result in the same long term drift behav-
ior, in spite of a period of transient errors in the calculated u
sequence.

However, when drift occurs such that a pole of the predictor
moves outside the unit circle as in Example 2, errors in comput-
ing u, are not tolerated because they excite the unstable modes
of this predictor. Here, unbounded drift should not be expected
to occur in practical applications, because computation and
measurement errors are always available to perturb the delicate
“masking” effect of the special excitation sequences causing/al-
lowing drift. Unfortunately, even moderate amounts of parame-
ter drift can cause large bursts in prediction errors and poor
adaptive system performance.

ACKNOWLEDGMENTS

The authors are grateful for many helpful discussions with P.
V. Kokotovic, S. Dasgupta, P. R. Kumar, and C. E. Rohrs.

REFERENCES

[1]1 C. R. Johnson, Jr., Lectures in Adaptive Parameter Estimation.
Englewood Cliffs, NJ: Prentice-Hall, 1987.

[2]1 G. C. Goodwin and K. S. Sin, Adaptive Filtering, Prediction, and
Control. Englewood Cliffs, NJ: Prentice-Hall, 1984.

[3] L D. Landau, Adaptive Control: The Model Reference Approach.
New York: Marcel-Dekker, 1979.

4] I D.Landau and R. Lozano, “Unification of discrete time explicit
model reference adaptive control designs,” Automatica, vol. 17, no.
4, pp. 593-611, 1981.

[5] B. D. O. Anderson and C. R. Johnson, Jr., “On reduced order
adaptive output error identification and adaptive IIR filtering,”
IEEE Trans. Automat. Contr., vol. AC-27, pp. 927-933, Aug. 1982.

[6] B. D. O. Anderson, R. R. Bitmead, C. R. Johnson, Jr., P. V.
Kokotovic, R. L. Kosut, I. M. Y. Mareels, L. Praly, and B. D.
Riedle, Stability of Adaptive Systems: Passivity and Averaging Analy-
sis. Cambridge, MA: MIT Press, 1986.

[71 C. E. Rohrs, L. Valavani, M. Athans, and G. Stein, Analytical
verification of undesirable properties of direct model reference
adaptive control algorithms,” in Proc. 20th IEEE Conf. Decision
Contr., San Diego, CA, Dec. 1981, pp. 1272-1284.

[8] B. D. O. Anderson, “Adaptive systems, lack of persistency of
excitation, and bursting phenomena,” Automatica, vol. 21, no. 3,
1985, pp. 247-258.

[9] W. A. Sethares, C. R. Johnson, Jr., and C. Rohrs, “Bursting in

adaptive hybrids,” IEEE Trans. Commun., vol. 37, no. 8, Aug. 1989,

pp. 791-799.

B. Egardt, Stability of Adaptive Controllers. Berlin: Springer-

Verlag, 1979.

O. Macchi and M. Jaidane-Saidane, “Adaptive IIR filtering and

chaotic dynamics: Application to audiofrequency coding,” IEEE

Trans. Circuits Syst., vol. 36, no. 4, Apr. 1989.

I. M. Y. Mareels and R. R. Bitmead, “Nonlinear dynamics in

adaptive control: Chaotic and periodic stabilization,” Automatica,

vol. 22, no. 6, pp. 641-655, 1986.

M. Jaidaine-Saidane and O. Macchi, “Quasi-period self stabiliza-

tion of adaptive ARMA predictors,” Int. J. Adapt. Contr. Signal

Proc., vol. 2, no. 1, pp. 1-32, Mar. 1988.

[10]
[11]

(12]

(13]

[14] M. Tomizuka, “Parallel MRAS without compensation block,” I[EEE
Trans. Automat. Contr., vol. AC-27, no. 2, pp. 505-506, Apr. 1982.
D. A. Lawrence and C. R. Johnson, Jr., “Recursive parameter
identification algorithm stability analysis via II-sharing,” IEEE
Trans. Automat. Contr., vol. AC-25, no. 1, pp. 16-24, Jan. 1986.
D. A. Schoenwald and P. V. Kokotovic, “On a boundedness
conjecture for output error adaptive systems,” in Proc. 27th IEEE
Conf. Decision Contr., Austin, TX, Dec. 1988, pp. 780-781.

D. A. Schoenwald and P. V. Kokotovic, “Boundedness conjecture
for an output error adaptive algorithm,” Int. J. Adapt. Contr.
Signal Proc., vol. 4, pp. 27-47, 1990.

W. A. Sethares, D. A. Lawrence, C. R. Johnson, Jr., and R. R.
Bitmead, “Parameter drift in LMS adaptive filters,” IEEE Trans.
Acoustics, Speech, Signal Proc., vol. ASSP-34, no. 4, pp. 868-879,
Aug. 1986.

W. A. Sethares, D. A. Lawrence, and C. R. Johnson, Jr., “Parame-
ter drift in equation error identification,” in Proc. IEEE Conf.
Decision Contr., Ft. Lauderdale, FL, Dec. 1985.

W. A. Sethares and D. A. Lawrence, “Output error identification
is not globally stable in the ‘nonideal’ case,” in Proc. 27th IEEE
Conf. Decision Contr., Austin, TX, Dec. 1988, pp. 1528-1529.

G. J. Rey, R. R. Bitmead, and C. R. Johnson, Jr., “The dynamics of
bursting in simple adaptive hybrids,” IEEE Trans. Circuits Syst.,
vol. 38, no. 5, pp. 476-488, May 1991.

W. A. Sethares and 1. M. Y. Mareels, “Dynamics of an adaptive
hybrid,” IEEE Trans. Circuits Syst., submitted for publication.

L. Praly, “Oscillating behavior and fixes in adaptive linear control:
A worked example,” in Proc. 1988 IFAC Workshop Robust Adapt.
Contr., Newcastle, Australia, Aug. 1988.

R. H. Middleton, G. C. Goodwin, D. J. Hill, and D. Q. Mayne,
“Design issues in adaptive control,” IEEE Trans. Automat. Conir.,
vol. 33, no. 1, pp. 50-58, Jan. 1988.

P. A. Ioannou and P. V. Kokotovic, “Instability analysis and
improvement of robustness of adaptive control,” Automatica, vol.
20, no. 5, 1984, pp. 583-594.

[15}
(16]
(17

[18]

[19]
[20]
[21]

[22]
[23]

[24]

[25]

Eigenstructure Assignment by Decentralized
Feedback Control

Jin Lu, H. D. Chiang, and James S. Thorp

Abstract—The problem of eigenstructure assignment (eigenvalue and
eigenvector assignment) plays an important role in control theory and
applications. In this note, we introduce a new approach to eigenstruc-
ture assignment using decentralized control. First, several analytical
results are presented to characterize the set of decentralized controllers
which achieve desired eigenvalue assignment. Then, a method is pro-
posed to simultaneously assign eigenvalues and eigenvectors of a linear
system using decentralized control. The method is applied to the control
of a power system to illustrate its effectiveness.

I. INTRODUCTION

The problem of eigenstructure assignment (simultaneous as-
signment of eigenvalues and eigenvectors) is of great importance
in control theory and applications because the stability and
dynamic behavior of a linear multivariable system are governed
by the eigenstructure of the system. In general, the speed of the
dynamic response of a linear system depends on its eigenvalues
whereas the “relative shape” of the dynamic response depends
on the associated eigenvectors. Eigenstructure assignment by
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